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Properties of legendrian subvarieties of projective 

space 

Jaroslaw Buczynski 
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Abstract 

I prove that every smooth legendrian variety generated by quadrics is a 
homogeneous variety and further I give a list of all such legendrian varieties. 
A review of the subject is included, illustrated by examples. Another result 
is that no complete intersection is a legendrian variety. 
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1 Introduction 

The main result of this article is the full classification of smooth legendrian varieties 
with ideal generated by quadratic polynomials. The key fact for this is that such 
varieties are homogeneous. This is done by constructing a subgroup of Spc(T4) out 
of the quadratic part of the ideal. Next the subgroup acts on the legendrian variety 
and if the ideal is generated by it’s quadratic part, then the action is transitive on 
smooth points. 

Another result says that if a legendrian variety is a complete intersection then 
it is either a linear space or it’s singular locus is of codimension 1. 

The article is meant to be elementary and contains a lot of well known state¬ 
ments. An expert reader should skip to the subsection 14.21 for the second result 
mentioned or to the sections ElElandini for the hrst result. 

The structure of the paper is as follows: 

In the section 121 1 define the main notions of the paper. 

In the section 121 1 explain what is known about the legendrian curves. This is 
not at all essential to the rest of paper (except possibly the example 13.111 . but it 
might give an idea of the subject. 

The section 0] analyzes some well known notions (such as conormal bundle, 
Atiyah extension...) in the case of legendrian varieties and finds relations between 
them finally leading to the proof of the theorem about legendrian complete inter¬ 
sections. 

Next, the section 121 recalls the Poisson bracket on a polynomial ring. Further 
some subalgebras (of the Poisson structure) which at the same time are ideals (with 
respect to the standard multiplication) are related to legendrian varieties. The 
restriction to the quadratic part of the ring calls for finite dimensional Lie algebra 
sp 2 n and for group Spc(P). This is already the sectional which takes reader to the 
proof of the key theorem of the article - the theorem 16.91 

The section d explains motivation for the study of the legendrian varieties. Fur¬ 
ther, I describe a fabulous family of examples - the subadjoint varieties. They turn 
up to have yet another description - they are the legendrian varieties generated by 
quadrics. The explicit formulations about the examples where computed with a 
help of Magma program. 

The section d revises some representation theory. 

Finally, in the sectional use the theorem El and the techniques of the Lie 
theory to prove the main result of the article. Unfortunately it is quite technical. 

1.1 Acknowledgements 

The heart of the article is just a revised, corrected and extended translation of my 
Master Degree dissertation jI3iicz| . supervised by Jaroslaw Wisniewski. He predicted 
most of the results and was a tremendous support during the whole, long process 
of writing the article. 
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Rumynin. 

Partially this article was created during my stay at Warwick University, as a 
Marie Curie fellow. I would like to thank Miles Reid for his invitation and hospitality 
and Mark Gross for all his help and support. Special thanks to Gavin Brown for 
teaching me how to use Magma. 

Finally, I would like to mention a lot of enlightening discussions with Luis 
Eduardo Sola Conde - THANKS! 

And the very last acknowledgement to my wife Weronika for her patience, em¬ 
pathy and tolerance. 

2 Basic definitions 

In all the definitions below and through all the article I assume that U is a finite 
dimensional vector space over a field C of complex numbers. The only exceptions 
are example and remark nrrni where the ground field is K. 

Definition 1 A symplectic form on the vector space V is a map to : V xV ^ C 
which is: 

a) bilinear, 

b) skew-symmetric and 

c) non-degenerated (meaning ^wSlV io{v,w) 0). 

Distinguishing a basis of V gives a correspondence between bilinear forms and 
matrices. From now on I will identify symplectic form with its matrix. 

If there exists a symplectic form on the vector space V then its dimension is 
even. Hence from now on I will assume that dim V = 2n for an integer n. 

Definition 2 Let lu be a symplectic form on V. A linear subspace W G V is 
a Lagrangian subspace, if it is a maximal subspace such that uj\w = 0 (so in 
particular dim IF = idimU = n). I will denote a Lagrangian subspace via W Cl 

U. 


Given an algebraic variety X I denote by Xq its smooth locus. If A C P(U) is 
a projective variety, I denote by A C U the affine cone over A. For convenience by 
a slight abuse of this notation let Aq C V denote smooth points of the cone over A 
except possibly 0 G U, i.e. Aq := (A)o\{0}. 

Definition 3 A subvariety X C P(U) is legendrian (denoted by X Ci P(U)j if 
for each smooth point of its affine cone the tangent space at this point is Lagrangian. 
In other words: 

X Gi P(U) ^ y^^^T.Xo Cl T,V = U 

Remark 2.1 The dimension of a legendrian subvariety in P(U) = p2"-i is equal 
to n — 1. 

Example 2.2 If n = 1 then any point o/P^ is a legendrian subvariety. 

Remark 2.3 A variety is legendrian if and only if each of its irreducible compo¬ 
nents is legendrian. 


□ 

Corollary 2.4 A C P^ is a legendrian subvariety if and only if X = {pi,.. .pk} 
for some pi,... ,pk G P^. 
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□ 

Remark 2.5 For an irreducible variety X to be legendrian it is enough that the 
condition from the definition is satisfied for every point in an open subset U C Xg. 

More formally: 

XCiViV) ^ ^ucv^xeuT^XoCLV 

□ 

Example 2.6 Let W C V be a linear subspace then 

F{W) Cl P(E) ^ W ClV 

Theorem 2.7 Let X C; P(y). Then the following conditions are equivalent: 

(i) X is degenerated (i.e. is contained in a hyperplane). 

(ii) There exists a linear subspace W C V of eodimension 2 such that ojjw' is a 
symplectic form on W, X' = P(IT') C\X is a legendrian subvariety in P(IT') 
and X is a eone over X'. 

(Hi) X is a cone over some variety X'. 

Proof. First prove that (i) implies (ii). Let X C P(VF) for linear subspace W CV 
of codimension 1. Then W contains one dimensional linear subspace Q such that 
for all <7 G Q and w & W one has ^(g, w) = 0. Hence for each point x € Xq line Q 
is contained in T^Xq. So Q G X and X consists of lines through Q. Now let W be 
any subspace of W not containing Q. Verifying that W satisfies (ii) I leave to reader. 

Since the implication (ii) (hi) is obvious, it remains to prove the implication 
from (hi) to (i). Let Q be the vertex of the cone. Then Q is a line in V, which is 
contained in T^Xq for all x € Xq- Let W be the linear subspace of V perpendicular 
(with respect to cv) to Q (so IT = {w G u:(w, q) = 0}). Since Lo\rp^^^ = 0 it 

follows that TxXq C W for all x G Xq, so V C P(1T) 

□ 

3 Legendrian curves 

Example 3.1 (twisted cubic) Consider the Veronese embedding of degree 3: P^ P^, 
defined by (p{\ : yi) = (A^ : A^/i : A/r^ : /i^). If the symplectic form lo is defined by 
the matrix 

/ 0 0 0 -1 \ 

0 0 3 0 

0-3 0 0 

\ 1 0 0 0 / 

then the curve X = g?(P^) is legendrian. 

Proof. Fix a point a; G Vg, so that x = (Ag, Ag^ig, Ag^ig, /Zg) for some (Ag, ^ig) G C^\{0,0}. 
Tangent space to Xq at x is spanned by vectors 

^1 := “ (3Aq, 2Ao/ig, Tig, 0) 

V2 ■= ~ (0, Ag, 2Ag/Xg, o^ig) 
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Now calculate: 


uj{vi,V 2 ) = -3/^0-Ag + 3 • (2Ao/io) • (2Ao/io) - 3 • (3Ao) • (/ig) = 0. 

Remark: It is an easy exercise to show that if any other symplectic form uj satisfies 
uj{vi,V 2 ) = 0 for all Ag,/ig G C^\{0}, then it equal to oj (up to proportionality), so 
Co = auj for some a G C*. 

So by bilinearity and skew-symmetry of to we obtain that lo\j, = 0, so indeed 
X C is a legendrian subvariety. 

□ 

Theorem 3.2 Let X C P^ fee an irreducible legendrian curve. If X is generated by 
the polynomials of degree at most 2, then X ~ P^ and X is either a line (see the 
exam'Dle \2.f)\) or a twisted cubic (see the example ro) . 

Proof. I examine case by case. First notice, that for degenerated (i.e contained in 
a plane) curves the situation is clear: By the theorem 12.71 there exist X' such that 
X is a cone over X'. Since X is irreducible, it follows that X' is a point and so X 
is a line. 

Second, let d := degX and now notice, that the degree of a curve in P^ generated 
by quadrics is bounded: it is less or equal to 4. Moreover, if d = 1 or d = 2, then 
the curve X is surely degenerated (see for example [ HartL IV.3.11.1]). So assume X 
is not degenerated and so either d = 3 or d = 4. For d = 3 the only non-degenerated 
curve in p3 

is the twisted cubic, so it remains to exclude the case d = 4. 

But d = 4 is the case of complete intersection. If X is a singular complete 
intersection of two quadrics, then it is a rational curve which for some choice of 
coordinates is parametrised by: 

P^ 3 (t : s) : t^s + ts^ : : s^) G P^ 

(geometrically, it is an intersection of a quadratic cone and a sphere, such that the 
sphere passes through the vertex of the cone)^. Now it is really easy to compute few 
tangent spaces to the cone over the curve and verify that they cannot be altogether 
Lagrangian with respect to any symplectic form. 

The last case is a smooth complete intersection. Again a coordinate system 
might be chosen, so that the quadrics are: 

qi := XQ + xf + X 2 and q 2 := xf + XxiX 2 + X 2 + x'^ 

for some A G C* (a bit different choice of coordinates might be found in jBeidI 
prop. 2.1(d)]). Again it is easy to take few tangent spaces to the cone over such 
a curve and verify that they cannot be altogether Lagrangian with respect to any 
symplectic form. 

□ 


3.1 Rational curves 

Example 3.3 Let k and I be coprime natural numbers. Consider a map ipk,i ■ 
pi —> P^ defined by 

: m) = (A'=+' : 1^/+' : A'/ : A^')- 

would like to thank Jorge Caravantes for this enlightening remark. Also I am really grateful 
to Luis Eduardo Sola Conde for his help in calculating explicitly the parametrisation. 


5 







By Xkj denote the image If the symplectic form is given by the matrix 

/ 0 1 0 0 \ 

-10 0 0 

0 0 0 1 

\ 0 0 - 10 / 

then Xky is a legendrian curve. In particular for k = 2, I = 1 we get a twisted cubic 
and for k = 1, I = 0 - line. 

This might be verified in exactly the same way as for the twisted cubic. But 
instead of repeating the argument I will describe rough classification of rational 
legendrian curves. 

Consider a rational curve X C P^, which is the closure of the image of map 
C —> p3 

t '—^ (1 : fi{t) : f2it) ■■ fsit)) 

for some polynomials (not necessarily homogeneous) fi, f 2 , fs- The cone X is the 
closure of the set of points of the form (^a,afi{t),af 2 {t),af 3 {t)) for some a G C, 
t G C. The tangent space at such a point (if only it is smooth) is spanned by two 
vectors: 

vi = (l, fi{t),f 2 {t), fsit)) (direction tangent to generator of the cone) and 
V 2 = (O, ^(t), ^{t), ^{t)) (direction tangent to the base of the cone). 

By the remark 12.51 X is legendrian if and only if for all t G C I have uj{vi, V 2 ) = 0. 
Assume that uj is as in the example liOl and compute: 

U}{V1,V2) = - f3{t)^{t) 

Therefore X is a legendrian curve if and only if polynomials fi, f 2 -, fs satisfy a 
differential equation: 


A = A/a - A/2 (3.4) 

It is clear that there is a lot of solutions of this equation: given any polynomials 
/2 and /s we can find /i satisfying Id.41 In particular for /2 := /a := t\ the 
resulting curve is X^j from the example IT dl 

Exactly the same argument can be applied to rational functions instead of poly¬ 
nomials. And therefore I get: 

Theorem 3.5 A rational curve X C P^ parametrised by 

^ {X: g) —> (</3o(A,Ai) : h) ■ ^2{X,g,) : g}z{X,ti)) G P^ 

is legendrian if and only if either (/jq = 0 and X is a legendrian line or the rational 
functions fi(t) := satisfy the equation \3.4\ 

□ 


3.2 Other curves 

A very similar statement as the theorem 13.51 is true for all the other curves - see 
|Brya| thm F], This finally leads to proof that every smooth irreducible curve admits 
a legendrian embedding in P^ |Brya| thm G]. However, note that this is not true 
for higher dimensions, although every variety is birational to a (usually singular) 
variety. For more details consult jT;Mfl4| . 
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4 General remarks 


In this section I will explain few more conditions equivalent to the definition of a 
legendrian subvariety and also I shall present some new examples. 


4.1 Tangent and conormal bundles 

The definition of legendrian variety given in the section |21 is using the tangent space 
of X. Sometimes it is more convenient to have a dual condition, involving conormal 
bundle, since it is an image of the ideal of the variety. So here in this subsection I 
present an equivalent statement for X to be legendrian. 

Let a; be a symplectic form on a vector space V. I start pointing out that the 
form Lo can be expressed as arr isomorphism of vector spaces: V and its dual V*: 


(j): V ^ V* 

V I—> Uj{v, ■ ) 

Let me denote by w' : T* x ^ C the pullback of lu using 


(4.1) 


Theorem 4.2 A subvariety X C P(y) is legendrian if and only if for each smooth 
point of its affine cone the conormal space at this point is Lagrangian with respect 
to form Lo'. 


Proof. Consider the following diagram: 


0 


0 


TXo 


; b 


.N\ 


Xo/V 


i 


(f) 


(4.3) 


The rows of the above diagram are exact. TV\^^ is a trivial vector bundle over 
Xq with fibre V and similarly is a trivial vector bundle with fibre V*. So cf 

is the isomorphism in each fibre defined as in the equation gu. Below I construct 
such that the diagram is commutative. 


Fix a point x € Xq. First assume X is legendrian. I claim that the composition 
qo (j)oi is zero. Indeed, let v £ T^Xq be any vector and a £ TfXo be its image 
under that composition: 

a := q o (j) o i{v), 

then for any w £ T^Xq by lagrangianity of X I have a{w) = uj{v, w) = 0. 


So g o ((/) o i) = 0 and by the definition of kernel of q there exists exactly one 
homomorphism ip : TXq —> N'^ such that j o ip = (p o i. Since </) o i is a 

monomorphism it follows that ip is a monomorphism as well. But both rank of TXq 
and rank of are equal to n and so if is an isomorphism. Hence f = (poio(ip~^) 

and 


^ o- (4-4) 
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Exactly the same argument applied to the diagram 


0 -- -JL^ T*Xo -- 0 

i <l>-^ 

0-- TXo TV\j^o ^xo/v -- 0 

shows that if dimX = 2n — n = n and uj'liv* = 0 , then uj\t- = 0 . 

Xo/V Xq 

□ 

Actually the above proof shows a little more: 

Corollary 4.5 X C P(y) is legendrian if and only if there exist an isomorphism 
Ip completing the diagram (Oil . 

□ 


4.2 Projective geometry and complete intersections 

This subsection is not essential to the rest of the paper, but rather explains legen¬ 
drian subvarieties in a wider context. First I will present an equivalent condition 
for a variety to be legendrian in terms of projective geometry only. Next I prove 
the theorem lOl which in particular states, that no smooth complete intersection 
can be a legendrian subvariety. 

Let X C P(E) be any projective variety. Notice that Xo is a C* principal bundle 
over Xq which is just a line bundle Oxo (~1) with the zero section removed. So there 
is a natural action of C* on Xq and on all the vector bundles in the diagram 63. 
In particular, the action has weight -|-1 on E and weight —1 on its dual V*, i.e. for 
t e C*: 

t ■ V = tv for V € V and 
t ■ a = t~^a for a € V*. 

Let TT : Xq —> Xq denote the bundle projection and instead of vector bundles 
consider locally free sheaves, so that it makes sense to push them forward by tt and 
hence I get a diagram: 

0 -^ Tr.irXo) -^ ® ^ ^ 0 

ir.(0) 

0 -^ ^ MV* «> Oxo)-^ MT*Xo) -^ 0 

All these sheaves again admit the action of C* and so each of them decomposes 
to a direct sum of subsheaves with a fixed gradation of this action. More precisely: 

CX> 

X= 0 T. 

i— — (x> 

where T is any of the sheaves of the above diagram and Ti is such a subsheaf of T 
that C* acts on it with weight *, so for an open subset U d Xq and t G C*: 

t ■ s = fs for s G Ti{U). 


The isomorphism 


7r*(0) : ttM ® OM 


Mv*®oM 





















switches the gradation by —2. So if I restrict in the upper row to the gradation +1 
and in the lower row to the gradation —1,1 get: 

0-^ £*(—1)-^ V 0 Oxo -^ ^ 0 (4.6) 

0 -- ^io/P(y)(l)-- 14* 0 . £(1)-. 0 

where £ is the Atiyah extension 

0 ^ r*Ao ^ £ ^ Oxo ^ 0 

corresponding to the Chern class ci{0{l)). The above argument is a mimic of 
[KPSWI sect. 2.1], but the original reference is |Atiy| ). 

Corollary 4.7 Rows of the diagram (lOll are isomorphic if and only if rows of the 
diagram are isomorphic. So by the corollary El they are isomorphic if and 

only if the variety X is legendrian. 


□ 

So I have explained an equivalent definition of legendrian variety in terms of 
projective geometry only. This is actually very close to yet another dehnition in¬ 
volving the contact form on _ the one that I should have started from, since 

it is the original definition, which can be generalised to subvarieties of contact man¬ 
ifolds. But in the context of this paper it is more convenient to work with the affine 
definition given in section |21 and the contact form on p2"-i is of little use here. A 
reader interested in the topic should have a look at IbMndl . IKPSWI . ICTTI and 
ITCT and many other works on the topic. 

The construction of the bundle £ (and its naturality) assures that it is a non¬ 
trivial extension (i.e. non-splitting) if only it is restricted to a projective subvariety: 


Lemma 4.8 If X Ci P(C) and Y C Xq is projective (i.e. Y closed in V{V)) with 
dimT > 0, then the vector bundle £|y onY is a non-trivial extension: 

0 ^ T*X\y C\y ^Oy ^0. 

Moreover since £ ~ Nxo/v(v) ® £’xo(~2), obviously 

£|y — iNxo/p(v))\Y 0 Cy(-2) 


□ 

Theorem 4.9 Assume that X Gi P(14) is an irreducible normal complete intersec¬ 
tion. Then X is a linear subspace. 

Proof. Assume that A is a complete intersection of hypersurfaces of degrees 
di, c? 2 ,..., fin- Firstly, I am going to show, that at least one of the degrees di is 
equal to 1. It is well known, that for a complete intersection: 


^Xo/PiV) — ^Xo (dl) © ■ • ■ © Oxo (dn). 


Take H C P(P) to be an n -I- 1 dimensional linear subspace general enough, so 
that it does not meet singular locus of X (it is possible since the dimension of the 
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singular locus in not greater than n — 3, so dimH + dim(X\Xo) <n + l + n — 3< 
2n — 1 = dimP(y)). Define 


Y ■= H nx = HnXo 


So Y is a projective curve and hence lemma oi applies and therefore 


■ T 


XoX 


■C 


■^x/p(y)(-2)| 


Y 


-^Oy - 

A 

;? 

■Oy(di-2) 


Since pip ^ 0 (it is a composition of an isomorphism and an epimorphism) then 
there exists i such that ^ := pipji ^ 0, where ji is the inclusion of summand of 
the direct sum Oyidx — 2) 0 ... 0 Oyidn — 2). Therefore di — 2 < 0 and so either 
di = 1 (which is the case, as I claim) oi di = 2 (which I need to exclude). 

So suppose di = 2. Then ^ is an isomorphism and the composition 
splits the exact sequence 0 ^ C,\y ^ Oy 0. Therefore C\y is the 

trivial extension, which contradicts the lemma OI Hence indeed di = \. Now 
by the theorem OI YT is a cone over a legendrian complete intersection of smaller 
dimension, again with singularities of codimension at least 2. So the induction on 
the dimension of V can be applied. 

□ 


Remark 4.10 The assumption of the theorem is that X is a normal complete in¬ 
tersection, while in the proof I only use that the codimension of the singular locus 
is greater or equal to 2. In fact these are equivalent, due to ]Ma,ts\ §17, thm 39]. 


4.3 Examples 

At the very end of this section I present next few examples. The first three of them 
refer to the assumption of the theorem OI 

Example 4.11 Consider a union of four lines in described by equations: 

XqX 2 = 0 and X 1 X 3 = 0 

All the lines are legendrian and so is their union. And they are described by two 
equations - but they are not irreducible. 

Example 4.12 Suppose that the ground field tsK. /nP^ with coordinates (xq : yo : Xi : yi : X 2 : j/ 2 ) 
and symplectic form u given by the matrix 

/Of 0 0 0 0 \ 

-1 0 0 0 0 0 

0 0 0 1 0 0 

0 0 -1 0 0 0 

0 0 0 0 0 1 

\00 00-10/ 

consider complete intersection of two quadrics and one cubic: 

2 I 2 2 2 n 

Xo + yo-Xi-yi= 0 ; 

2,2 2 2 A 

^0 ^0 ^2 ^2 
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xoXiy 2 + xoyiX 2 + yoXiX 2 - 2/01/12/2 = 0 . 

These equations look quite complicated, but if you think of P® as a real projectivi- 
sation of a complex three dimensional vector space with coordinates Zk = Xk + iyk, 
where i = a/—1 and k = 0,1,2 they take much simpler form: 

koP-|^iP = 0; 

\zof-\z2\^ = 0; 

\m{zciZiZ2) = 0 . 

Nevertheless, they define a legendrian variety and it is a smooth complete intersec- 
tionf 

Example 4.13 Now take take the same equations as in example \4-l^ but defined 
over C. The resulting surface is again legendrian and is a complete intersection, 
but it is not smooth - it has singularities along six lines, so in codimension 1. 

Proof.(sketch) To verify legendrianity just use coordinates Xk and yk, then compute 
the conormal bundle and verify that oj' restricted to the conormal is 0. Use the 
theorem 10 If you skip to the section O an easier way is to use the theorem 10 
and verify that the Lie bracket of each pair of the above functions is 0. Conclude 
that the ideal of the variety is a Lie algebra using the remark HTHl 

To compute singularities use coordinates Uk '■= Xk + iyk and Vk '■= Xk — iyk 
(which in real case could be written as := Zk and Vk '■= Zk) so that the equations 
are: 

UqVo — UlVl = 0 
UqVo — U2V2 = 0 
U0U1U2 — V0V1V2 = 0 

Verify, that the singular locus is an union of six lines: 

uq = Vo = ui = V2 = 0; 

uo = Vo = vi = U2 = 0; 
ui = vi = uo = V2 = 0; 
ui = vi = Vo = U2 — 0; 

U2 = V2 = Uo = vi = 0 ; 

U2 = V2 = Vo = ui = 0 ; 


□ 

Before I present the last example, let me write an easy, though quite important 
lemma. 

^This example was pointed out to me by Mark Gross - thanks! 
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Lemma 4.14 For a homogeneous polynomial p in n — 1 variables yi,.. .yn-i the 
following equality holds: 



• ■ •+ Vn-l 


dp 

dyn—i 


= deg(p )•p 


Proof. Compute for monomials and conclude for any homogeneous polynomial. 

□ 


Example 4.15 (Compare with \LM04\ %4-3]) Let f be a homogeneous polynomial 
inn—1 variables j/i,... yn-i of degree k. Denote by Xf a subvariety in p2”-i equal 
to the closure of the image of a map (pf : C"“^ —> p 2 Tt-i fjy- 

Ffiy) ■= (^i-yi- ■■■■■ yn-i ■ (k - 2)f{y) -^iv) ■ ■■■■ - 
where y = (j/i,..., yn-i)- Then Xf is a legendrian subvariety for oj given by matrix 


{ 0 Id„ \ 

\ -Idn 0 )■ 


Proof. For short let me just write that pf{y) := {I : y : {k — 2)f{y) : —dfy). It 
suffices to check that for all y G the tangent space TyXf is Lagrangian. But 

TyXf is spanned by n vectors: 


:= (1, y, (k — 2)f{y), —dfy) (direction tangent to the generator of the cone) 


diff 


dyi 


df 


Vi ■■= -^(y) = 0, a, {k - 2) —(y), - 


didf) , 


(y) for i = 1,..., A: - 1 


dyt dy^ 

(directions tangent to the base of the cone) 


where is an i**' base vector of C" ^ and 



d^f 

dyidyi 




d^f 

dyn-idy 



So uj{vi,Vj) is always 0 since gy.Qy. = dydy ’ compute uj{u,Vi): 


uj{u,Vi) = (fc- 2)^(y) - yi • ^ ^ (y) - ... - y„_i 

^yi^Ui ^Vn-i^y 


d^f ti^df 

iy) + 75—(y = 

dyi 




yi 


d 

dyi 


+ • ■ • + y-n-l 


dyn-1 


dy^ 


(y) 


a imi 


This proves that Xf is legendrian. 

□ 

Now let me write few words about the last example. For deg / = fc = 0,1 or 2 it 
is not very interesting: in fact Xf is just a linear subspace. So now assume fc = 3. 
Actually every smooth legendrian variety generated by quadrics is just Xf for some 
choice of coordinates and for some / of degree 3. So let me now analyze some Xf 
for fc = 3 and small n. 


For n = 2 the only (up to change of coordinates) non trivial polynomial of degree 
3 is /(y) = y^. In this case Xf is the twisted cubic (see the example 13.111 . 
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For n = 3 I have few more polynomials: /i(yi, 2 / 2 ) = 2/?, f 2 {yi,y 2 ) = yly 2 and 
/s( 2 / 1 , 2 / 2 ) = 2 / 12 / 2 ( 2/1 + 2 / 2 )- The first case is ’’degenerated” since fi does not depend 
on 1/2 • It is easy to see, that Xf-^ is contained in a hyperplane and it is just a cone 
over a twisted cubic. The second variety Xf^ is isomorphic to product of x 
embedded in P® linearly on the first coordinate and quadratically on the second (see 
the example IZ3. The last case is not generated by quadrics, but there is quite a 
lot of them in its ideal. It is described by the following equations: 

X 0 X 5 + x\ + 2 xiX 2 = 0; 

XQXi + 2xiX2 + a;| = 0; 

< ixox^-\-xiXi + X2X^ = Q] (4.16) 

xix\ — 2a;ia;4a;5 + 9j;|ai3 — bx2XiX^ + 43 : 23:5 = 0; 

3:13:33:4 — 23:13:33:5 + 2x2X3,Xi — X2X3X5 — X4X5 + 3:43:5 = 0. 

It has only one singular point at (0:0:0:1:0:0). 

For n = 4 things are getting much more complicated, since there are infinitely 
many projectively non-equivalent polynomials of degree 3. For some polynomials I 
can get very complicated varieties (for example for / = yf -|- i/f + 2/3 is described 
by four quadrics, four quartics and one sixtic). 

There are some questions concerning these examples: how to distinguish, for 
which / the resulting variety Xf is generated by quadrics? Are there any singular 
legendrian varieties generated by quadrics? Conversely, if for / of degree 3 the 
variety Xf is smooth, does it imply that Xf is generated by quadrics? 


5 Lie algebras 

In this section I describe a link between legendrian subvarieties in p^n-i some 
Lie algebras. 

Definition 4 A linear space tu together with a bilinear map [•,•]: to x tu ^ to is a 
Lie algebra, if the map (which is called the Lie bracket) is antisymmetric and it 
satisfies the Jacobi identity: 

[wi, [3(;2, W 3 ]] + [w2, [rc3, Wi]] + [w3,[wi,W2]] =0 (5.1) 

Basic (and not only basic) properties of Lie algebras are in rnnn lectures 8-25] 
or in |Hii72| . 

Now let me recall some classical examples of Lie algebras, which would be used 
later in this paper: 

Example 5.2 For a vector space V )dim(l/) = m) define the algebra 0 l(E) = 
as a vector space of endomorphisms ofV with the Lie bracket [A, i?] = AoB — BoA. 

Example 5.3 In 0 [(E) subalgebra of endomorphisms with trace equal to 0 is called 
s[(I 7 ) orslm- 

Example 5.4 If in addition on V )dim(y) = 2n) there is defined a symplectic form 
to then the symplectic Lie algebra sp{V) = sp 2 ri ^^6 space of linear endomorphisms 
A : V V such that 


'^v,wev uj{Av,w) + uj{v, Aw) = 0. 
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If w is a symplectic form on a vector space V then it determines a structure 
of Lie algebra on the ring S = C[y] = 0jSym*(F*) of polynomial functions on 
V. To see that, recall the isomorphism (j) defined in en) and the induced form 
uj' := This form uj' can be extended to a bilinear antisymmetric map: 

[•,•] 

[f.g] (x) = uj'idU,dg^) 

Indeed it is an extension of uj': if a, P £ V* = Sym^ F* C S, then [a,/3] = 
w'(a,/3) e C = Sym° V* C 5. 


Theorem 5.5 (due to Poisson) S together with the above map [■, ■] is a Lie algebra. 

Proof. Bilinearity of [•, •] follows immediately from linearity of the derivation and 
from bilinearity of io. Antisymmetry is a consequence of the antisymmetry of w. It 
remains to verify the Jacobi identity. 

Let f,g,h £ S he some polynomials. Then: 

[/•5, h]{x) = uj'{d{f^-ga;), dh^) = uj' {f(x)-dg^ + g{x)-dU, dh^) = 

= f{x)-uj'{dgj;, dhj;) + g{x)-uj'{dfx, dh^) = f{x)-[g, h]{x) + g{x)-[f, h]{x) 


hence the bracket in S satisfies the Leibnitz formulae: 


if-9, h] = f-[g, h]+g-[f, h] 

[f, 9 -h]= g-[f, h] + h-[f, g], (5.6) 


Now let me define a trilinear map a:SxSxS—^S 


9, h) := f, [g, h] + g, [h, /] + h, [f, g] 


The Jacobi identity is verified if I prove that a = 0. So let me use 115.611 for the 
bracket to show similar property for a and then I will have to verify the identity 
only for the multiplicative generators of S (i.e. linear functions). 


If I substitute / = /i • /2 into the defining equation of a and then apply 
(1^ five times, I will get ten summands of which there are two pairs of oppo¬ 
site terms. So there will remain six entries, three of which can be again composed 
into fi-a{f 2 , g, h) and the other three into / 2 -a(/i, g, h). So: 

a{h-f 2 , g, /i)=/i-a(/ 2 , g, h) + f 2 -a{fi, g, h). 

And in the same way one can prove that: 

«(/, 91 - 92 , h) =gi-a{f, g 2 , h)+g 2 -a{f, gi, h) 

«(/, 9, hi-h 2 ) = hi-a{f, g, ^ 2 )-f /12 •«(/, g, hi) 

Hence if only a{fi,g,h) = a(f 2 ,g,h) = 0, then a(fif 2 ,g,h) = 0 as well (and 
similarly for gi, g 2 and hi, h 2 ). It remains to prove that a = 0 just for multiplica¬ 
tive generators of the ring S, so for linear polynomials. But if /, g, h are linear, 
then [/, [g, h]] = 0, since the second differential of a linear function is 0. Hence 
aif,g,h) = 0. 

□ 

Although the fact above itself seems to be very interesting on it’s own, it is 
not clear yet what does it has to do with the legendrian subvarieties of P(H). 
Here follows the main theorem of this section which shows that indeed there is a 
correspondence between some Lie subalgebras of S and legendrian subvarieties of 
P(H) 
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Theorem 5.7 Suppose that X C P(T^) and thatX = X{X) <\ S is the ideal describ¬ 
ing X. Then the following conditions are equivalent: 

(i) X is legendrian, 

(ii) X is Lie subalgebra ofS and each irreducible component of X is n—1 dimen¬ 
sional. 

Proof. This theorem is known in the theory of D-modules (see |(ioutl chapter 
11,.prop. 2.4])^. Let me rewrite the proof so that it is more suitable for the context 
of this paper. 

By the theorem Oi l know that (i) is equivalent to (i’): 

(i’) dimX = n and w'Iat* = 0. 

Xo/V 

So it suffices to show that uj'\n* = 0 if and only if I is a Lie subalgebra in S. 

Xq/V 

Suppose that x € Xq is any point and that f,gGX are any polynomials van¬ 
ishing on X. Then surely = 0, so df^ G and similarly dg^ G 

If I suppose w'Iat* = 0 then 

Xq/V 

[f,9]{x) =uj'{dfa;,dgj;) =0, 

i.e. [f,g]\x = 0) so [f,g]\x = 0 (because the closure of Xq is exactly X) and so 


Conversely, if X is a Lie subalgebra then 


uj/df^.dga:) = [f,g]{x) = 0. 


Since the map 



N* - 

x.XojV 

d/. 


is an epimorphism of vector spaces for each x G Xq then to'lx* = 0. 

Xq/V 


□ 


Remark 5.8 Suppose X <\ S and f,g £ X, s £ S. If [/, g] &X then also [sf, g] G X. 
In particular, if X = {fi, f 2 ,. ■ ■, fk) (i.e. X is generated as a ring ideal by ft’s) and 
for each i,j G {1... fc} I have [fi, fj] G X, then X is a Lie subalgebra. 

Proof. It follows directly from the equation (1^ . 

□ 

The ring S admits canonical gradation S = 0 ■ Sym* V*. Suppose / G Sym* V* 
and g G Sym-^ V* (so / and g are homogeneous of degree respectively i and j). Since 
each of the derivations decreases the degree by one, it follows that 

[f,g] GSym^+^-^V*. (5.9) 


Corollary 5.10 

(a) Sym^ V* is a finite dimensional Lie subalgebra in S. 

(b) Sym^ C* is isomorphic (as a Lie algebra) with sp{V) (see example 1^ - 

^This remark is due to Mircea Mustata. 


15 





(c) If X is legendrian subvariety in P(y) and X = X{X), then X 2 := XH Sym^ V* 
is a Lie subalgebra of Sym^ V*. 

Proof. First notice that (a) follows from formulae 15.911 with i = j = 2. Next (c) 
follows immediately from (a) and from theorem 15.71 It remains to prove (b). 


Now let {ei,..., e„, e„+i,..., e 2 n} be a standard (due to oj) basis of V, i.e. in 
this basis to corresponds to the matrix J where 

f 0 Id„\ 

^-Idn 0 J ■ 

(Id„ is the n X n identity matrix) 

A choice of basis identifies the vector space Sym^ V* with the space of symmetric 
matrices 2n x 2n. So a quadratic polynomial / £ Sym^ V* is identified with such a 
matrix A, that 

f{x) = Ax. 

Let me compute what is the matrix of the Lie bracket of two polynomials. Suppose 
f{x) = x'^Ax, g{x) = x"^Bx. An easy calculation proves that the matrix of oj' in 
the dual basis is again J. So: 

dfx = 2x'^A and dg^ = 2x"^ B-, 

[f^gKx) = Lo'{dfa:,dgj:) = iflx'^ A) J {2Bx) = x'^{dAJB)x = 

= x^(2{AJB + {AJBf)'jx = x^{2{AJB - BJA))x 

Hence the Lie bracket in the space of symmetric matrices is defined by: 


[A,B\ = 2{AJB - BJA) 


(5.11) 


Now I can easily define an isomorphism of Sym^ V* and sp{V) being just the mul¬ 
tiplication by 2J: 


p: Sym^ V* —> sp(H) 
fcxA I—> 2JA 


(5.12) 


Again simple calculation shows that p is indeed a linear isomorphism. Moreover 
th equation 15.1111 proves that p preserves the Lie bracket, so it is an isomorphism 
of Lie algebras. 

□ 

In fact, one can easily prove, that the isomorphism p does not depend on the 
choice of the symplectic basis {ei... e 2 n}- 


6 Symplectic group 

Theorem EZI explained what happens, if there is a linear polynomial in the ideal 
X{X). In this subsection I study the quadratic part X 2 if the ideal. It gives rise a 
group of projective automorphisms of X. 

Definition 5 A symplectic group of V (denoted Sp{.(H)^ is the group of linear 
automorphisms ofV preserving the symplectic form uj, i.e. if G Spc(H) if and only 
if = Lo(v,w) or equivalently = J where J is the matrix ofuj. 
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Finite dimension of the Lie algebra Sym^ F* ~ sp(l^) makes possible passing 
to Lie groups (see | Hn75l chapters II-III] and jFuHaL section 8.3]). To be precise, 
I have the exponential map exp : sp(l^) —> Sp£.(y) which in particular takes Lie 
subalgebra g into unique connected subgroup of Spc(t/) such that its tangent space 
is exactly g. 

At the begining compare two representations of Spc(F). The first is the right 
Spc(F) action on sp{V): 

Ad: Spc(F) Gl{Bp{V)) 

Ip I—> 'ip~^ o • o -0, i.e. 

A-ktp = ip~^oAo'ip, 

where o is just the composition of linear maps and * is the group action. This is 
the adjoint action. 


The other representation is the natural representation, i.e. a left action of 
Spc(F) on V: an element ip of the group takes a vector v simply to the vector 
ip{v). Let me denote this representation by r : Spc(F) ^ Gl(y). 


The representation r inducts a right action • of the group Sp([.(T^) on the ring 
of polynomials S: (/ • 'ip){x) = f{ip{x)) or simply f»'ip = foipois just map 
composition). This action preserves gradation so it restricts to a right action r® on 
Sym® y*. 


Theorem 6.1 Representations Ad : Spi[;.(y) Gl(sp(y)) and 
: Spc(y) —> Gl(Sym2(y)) Gl(sp(y)) 
(where p is defined as in the equation (15.12|l ) are equal. 


Proof. Choose a basis of V standard due to uj. Let ip G Spc(y) be an arbitrary 
element. I will check what automorphism of sp(y) is t^( 0). So let / G Sym^(y*) 
be an arbitrary quadratic polynomial and suppose f{x) = x'^Ax for a symmetric 
matrix A. Then (/ • ip){x) = f{ip{x)) = x'^ ip'^ Aipx and hence f •ip corresponds to 
the matrix ip"^Aip. So under the isomorphism p : Sym^ V* sp(y) (see (15.1211 ) 
goes to 2Jip'^Aip. But since ip'^Jip = J and = — Id 2 n, then Jip'^ = —J~^ip'^ = 
—ip~^J~^ = ip~^J, so 

p o T^{ip){f) = p{f •Ip) = 2Jip'^Aip = ip~^2JAip = ip~^p{f)ip. 


So p o = Ad. 


□ 


Theorem 6.2 For any i G N the derivation of the following homomorphism of Lie 
groups: 

r® : Spc(y) —> Gl(Sym®y*) 

^ ^ (/^/•V’) 

is the homomorphism of Lie algebras: 

Dr®: Sym^y* —. g[(Sym® y*) 

/ -- [•,/] 

Proof. The set of maps Dr® satisfies the following conditions: 

• Dr^ = D Ad = aO (this follows from the theorem 16.1 II 
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• (Leibnitz rule) (•)(/ 5 ) = DT^{-){f)-g+f-T)T^-){g) for each/ G Sym*F*, 
g G Sym^' V* 

First I prove that Dr^ = oh. Indeed, for any a G I have: 

2q! DT^(-)(a) = Dr^(-)(a^) = [•, a^\ = 2a[-, a]. 

So DT^(-)(a) = [-jQ;]. Now applying the Leibnitz rule for both derivation and Lie 
bracket proves the theorem. 

□ 

Corollary 6.3 Letl he any Lie subalgebra of S and letl 2 =2lnSym^ V*. Suppose 
that G < Spc(F) is the subgroup corresponding to C Sym^ ~ sp(I^)- Then 
the action t* restricted to G preserves X. 

Proof. Since I 2 is a subalgebra of X surely its adjoint action preserves X. But 
I have shown in the theorem 10 that Dr* is equal to the adjoint action. So r* 
preserves X as well. 

□ 

Corollary 6.4 Suppose X C/ P(y) and X = X{X) is the ideal describing X. Let 
X 2 — X r\ Sym^ P* and G < Sp{-(P) be the corresponding subgroup (as in the 
corollary fOI) . Now G acts on V (by natural representation t\g) and the action 
preserves X (so also G acts on P(P) and it preserves X). 

Proof. By the theorem 15.71 X is a Lie subalgebra in S so the group G is well 
defined in the statement of the corollary. It follows from the corollary 16.31 that t*\g 
preserves X. So rjc preserves X. Since G acts by linear automorphisms it acts on 
P(P) and this action preserves X. 

□ 

Lemma 6.5 Let X, X, X2 and G be as in corollary Then G is a maximal 

connected subgroup in Sp{.(P) preserving X. In particular G is closed and so it is 
a Lie group. 

Proof. Suppose H is a connected subgroup of Spj;-(P) containing G and preserving 
X. I have to show that H = G. 

Let J C Sym^ V* be the Lie algebra corresponding to H. Then t*\h preserves 
X and so by theorem 16.21 

[J,X]cX 

Fix a homogeneous polynomial f G fl, choose an arbitrary x G Xq and take any 
g G X. Since [/, g] G X: 

0 = [f,9]ix) = aj'idf^,dg^). 

This happens for all g G X so dfx is perpendicular (with respect to uj') to N* 
so df G N* and dfx\j,^j^^ = 0. Since x was chosen arbitrary, it follows that 

dflrx^ =0. So / is constant on Xq (and on X as well). But / is homogeneous and 
hence simply / G X. Again / was chosen arbitrary, so J = X and H = G. This 
proves maximality of G. 

If G is the closure of G, then it preserves X. So G = G i.e. G is closed. A closed 
subgroup of a Lie group is again a Lie group and so is G. 

□ 

One more is interesting to notice: whenever X is irreducible and non-degenerate, 
the action of G is (almost) faithful. 


18 


Proposition 6.6 If X is non-degenerate and irreducible then the subgroup of G 
acting trivially on X is either trivial or IjXL, hence diserete. 

Proof. Assume g G Spi[.(y) acts trivially on whole of X. The locus of points 
in P(l/) fixed by g is just the (disjoint) union of the eigenspaces of g. Since X is 
irreducible, it is contained in one of the eigenspaces, which must be the whole of 
P(y), because X is nondegenerate. So in fact g = Aid for some A G C*. Since 
g'^ Jg = J, it follows that A^ = 1, hence 5 = ± Id. 

□ 

Now let me explore the action of G on X more precisely. If X is a general enough 
little can be deduced from this action, since I 2 (and so G) might be very small (for 
example trivial). But if I restrict to legendrian varieties which are generated by 
quadrics (i.e. X 2 generates whole the ideal I) there are several interesting results, 
for example that there exist a huge open orbit of this action: it is Xq itself! In 
particular, if in addition X is smooth it follows that X is homogeneous and a full 
classification might be given. 

Theorem 6.7 Assume that X <Zi P(T) is irreducible and T{X) is generated by 
quadrics and suppose that G is the group acting on X as defined in corollary [121 
Also let Y X be a closed subvariety which is invariant under action of G. Then 

y nxo = 0. 

Proof. Let J = I{Y) <] S. Since G preserves Y, it preserves J as well, so by the 
theorem O 

[JM c j 

and from the remark also [J,T] C J. 

Now I will simulate the proof of the lemma E31 suppose there exists a point 
X G Xo n Y and fix an arbitrary f G ff. Then for all g gX 

0 = lf,9Kx) = u;'(df:,,dg^) 

so df G {^* ~ X /V' holds for every f G J, hence the dimension 

of conormal space to Y at point x is n. But the set Xq H F is open in Y. So 
dimX = 2n — n = n = dimX. Since Y is closed and X is irreducible, Y = X 
although I have assumed that Y is proper subvariety of X. So this contradicts the 
assumption that there exists a point a: G Xq n F. So Xq n F = 0 and Xg n F = 0 
as well. 

□ 

Corollary 6.8 If X Ci p2"-i is irreducible and generated by quadrics then Xg is 
an orbit of the action of G. 

Proof. Group G from the cnro11a,rv l6.4l a.cts on X. Suppose O is an orbit of any 
smooth point of X. The closure O of the orbit is invariant under the action of G, 
so from the theorem 16. 7l it follows O = X. Also 0\0 is invariant so again from the 
theorem 16.71 ('eyG1 n Xg = 0, i.e. O = Xg. 

□ 

Theorem 6.9 If X Ci p2"-i is smooth irreducible and generated by quadrics then 
it is a homogeneous space. 


□ 
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Remark 6.10 Most of the things I have done so far, works also over the field 
which is not algebraically closed (hut still of characteristic 0), for example for the 
real numbers. The only exception is the subsection \4.‘d\ in particular the lemma \J~^ 
and the theorem ^f-lA But in the section\^I will heavily use the the assumption of the 
ground field being C. Nevertheless, I believe with some (hut only a little) effort one 
could follow very similar argument for the reals. Anyway, at the moment I cannot 
see any reasonable application for such theory over reals and for that reason I will 
not complicate the text. 

7 More examples - subadjoint varieties 

7.1 Digression on contact manifolds 

Definition 6 A complex projective manifold (of dimension 2n+l) with fixed 

a rank 2n subbundle of the tangent bundle C TX is a contact manifold if 
the form F x F TX/F =: L induced by a Lie bracket is nowhere degenerate. In 
particular this means that there is a symplectic form on every fibre of F (for some 
equivalent descriptions see for example }KPSWJ( }. 

The contact manifolds come up from the classification of quaterionic-kahler man¬ 
ifolds - the twistor space of such turns out to be a complex contact manifold. The 
detailed description and original references can be found in a review on the subject 

|Ei99]. 

The four authors [KPSW| proved the following theorem: 

Theorem 7.1 IfY is a complex contact manifold then one of the following holds: 

• Y is a Fano variety with second Betti number 62 = 1 or 

• Y is a (Grothendieck) projectivisation of the tangent bundle to some projective 
manifold Y' or 

• the canonical divisor Ky is numerically effective. 

The last case has been excluded by | Dema| . The interesting case is the first one: 

Conjecture 7.2 IfY is a Fano complex contact manifold with 62 = 1 then Y is a 
homogeneous variety which is the unique closed orbit of the adjoint action of some 
simple Lie group G on P( 0 ) (where the g is the Lie algebra tangent to G). 

These varieties are called minimal nilpotent orbits (see 1^^ . 1^^ . iKPswn 

or adjoint varieties (see |LM04 |1. They were put in the table rm _ 

The attacks on the conjecture invoked the legendrian varieties (see: 

Hinil, |Ki03l l. They are related to the notion of contact line: 

Definition 7 For a Fano contact manifold Y with 62 = 1> a rational curve C GY 
is contact line, if L ■ C = 1 (where L = TY/F). 

Now, if 2 / G y is a general point of a Fano contact Y then the tangent directions 
to the contact lines passing through y generate a smooth legendrian subvariety Xy 
mP(F,). 4 

The natural question arises: which among the legendrian varieties arise in this 
way? For the adjoint varieties (which are the only known examples) one gets the list 

^There is only one exception, which in a sense is degenerate: on p2'^+i the line bundle L is 
isomorphic to 0(2) and therefore there are no contact lines on ’legendrian variety’ 

is empty. 
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Lie 

group 

type 

contact manifold 

■^2n+l 

legendrian va¬ 
riety 

remarks 

SL„+2 

-^n+1 

P(TP"+i) 

pn —1 ij pn—1 
^ p2n —1 

b2{Y) = 2 

SP2n+2 

Cn-\-l 

piin+i 

0 c 

Y does not have any 
lines 

SO„+4 

Bn+3 or 

D n+4 

2 

Gro(2,n + 4) 

X 

^ p2n—1 

T=Grassmannian of 
projective lines on a 
quadric 


G2 

Grassmannian of 
special lines on Q® 

p^ c P® 

A=twisted cubic 


Fa 

an Fa variety 

OrL^S, 6) 

C P^® 



Eg 

an Eg variety 

Gr(3,6) C P""" 



Er 

an E-j variety 

Se C P®" 

X=spinor variety 


Ea 

an Ea variety 

an Ej variety 

C P®® 



Table 1: Simple Lie groups and corresponding minimal nilpotent orbits (Y) together 
with theirs varieties of directions tangent to lines (X). 


of homogeneous legendrian varieties, called the subadjoint varieties (see imn^ . 
|Muka| b They are expected to be the only homogeneous legendrian varieties (a 
partial proof can be found in |LM04| 1 and it known that they are the only symmetric 
legendrian varieties. Another characterisation comes out in this paper: they are the 
only smooth irreducible legendrian varieties, whose ideal is generated by quadratic 
polynomials (see theorem Jaroslaw Wisniewski hopes to prove that every 

legendrian variety arising from the Fano contact manifolds with &2 = 1 is in fact 
generated by quadrics. It is hoped to be a way to prove the contact conjecture. 

In this section I am going to present all the subadjoint varieties. 


7.2 Line times quadric 

For the groups SO „+4 (i.e of type B. and D. ) one gets the adjoint variety Go(2, n+4) 
(i.e. the Grassmannian of lines on a quadric hypersurface). Its legendrian variety 
is a product of a line and a quadric hypersurface. 



Figure 1: The two homogeneous varieties (the minimal nilpotent orbit for Bm or 
Dm (above) and its variety of lines (below)) represented on the Dynkin diagrams. 
The black dots denote the simple roots that are not in the corresponding parabolic 
subgroup. 

For any n > 3 consider a quadric hypersurface C described by the 
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equation if^y = 0.® Take the Segre embedding x P" ^ ^ P^" ^ 

: m), (j/o : ■ • ■ : Vn-i)) = (Ayo : ■ • ■ : Aj/„_i : y,yo : ... : yy-n-i)- 
Then X := (p{¥^ x is a legendrian subvariety in p2’T’-i_ 

This can be verihed using the theorem 15.71 Let me start with computing the 
ideal of X. Let 

• fij ■= XiXn+j - XjXn+i for Z, j = 0, 1, . . . , 71 - 1 

• g+ := \{xl + ... + 

• g- ■■=-\{xl + xl... + xl_^) 

• h .— XqXji “t“ “t“ ■ ■ ■ “t“ 1 ^ 2 n —1 

Functions fij generate the ideal of whole P^ x P"“i and the ideal of X is X = 
i{fij}i,j=o,...n-i, 9 +, 9 -,h). Since dimX = 77 — 1, it remains to verify if X is a Lie 

subalgebra. Notice that fij = —fji- Then compute the derivations of fij and 5 +, 

5 _, h: 

• ^fij — Xnj-jdXi Xn-\-i^Xj XjdXjij-i T XidXnj-j 

• dg+ = ( 0 , 0 ,..., 0 , a;„, x„+i,..., X 2 n-i) 

• dg- = -{xo,xi,...,Xn-i, 0,0,...,0) 

• dh — (Xyj , Xn-ji , . . . , X2n — 1: Xq , Xi . ■ . , Xn — 1 ) 

Now here are the Lie brackets of the generators of X: (form w' is standard, like 
usually): 

(0 [fij^ /jfc] — Xn^iXjz XiXjij-k — fik foc ^ j 7^ ^ 

(ii) [fij, fki] = 0 if i,j, k, I are different numbers S { 0 , 1 ,... ti — 1 } 

( 111 ) 1 5+] — Xn-\-jXji-iri Xnj-iXn-\-j — 0 

(iv) [fij,g-] = -XjXi + XiXj = 0 

(v) [fij, h] — XjiJ^jXi Xnj-iXj F XjXnj-i XiXnj-j — 0 

(vi) [g+, g-] = XnXo + Xn+lXi + . . . + X2n-lXn-l = h 

(vii) [h, gX\= xl+xl + ... + x‘i_^ = - 2 g_ 

(viii) [h, g+] =x‘i+ xl+i + ... + xl^_-i = 2g+ 

So indeed X is a Lie subalgebra and X a legendrian subvariety. 

The next thing to do is to understand what kind of algebra is X 2 . As a linear 
space, it is spanned by |{/y}j,j=o,...n-i, where fij = -fji. Equations 

(i)-(viii) show, that X 2 is a direct sum of the subalgebra spanned by {fij} and the 
subalgebra spanned by {g^, g^, h}. It is clear that the second one is isomorphic to 
sl 2 . The other one is actually isomorphic to 50„, which can be viewed as an algebra 
of skew-symmetric n x n matrices. But then if I define fij to correspond to the 
elementary skew matrix with 1 at the position {i,j), —1 at {j,i) and O’s at all the 
other positions, this would be the isomorphism of span{/y } and so„. 

Hence in this case I 2 — sl 2 © so„. 

® It is convenient to chose such a quadric in order to get a uniform description of both even and 
odd dimensional cases. Yet in the context of representation theory and the subject of section 1^ a 
different choice should be proposed. 
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7.3 Twisted cubic 


Now starting from the exceptional group G 2 one gets to the example of the twisted 
cubic. 


maximal 

semisimple 

the parabolic subgroup subgroup 

of the parabolic 
subgroup 



the representation on the tangent space 
splits into two components 


Figure 2: The weight system of the adjoint action of G 2 - When restricted to the 
maximal semisimple subgroup of the parabolic subgroup it decomposes into several 
components. In particular the tangent space to the minimal nilpotent orbit splits 
into two components: a trivial one and the fibre of the contact distribution. The 
last one in this case is the third symmetric power of the standard representation of 
5 I 2 and the closed orbit is the twisted cubic. 


Let me have one more look on the example o and examine it’s ideal. 
I is generated by functions /+, f-,h' G C[a;o, xi,X 2 , 2 : 3 ]: 

/+ := x^ - X1X3; 

/_ := X 0 X 2 - xf; 
h' := X 0 X 3 — XiX 2 - 
Their derivations are: 


d/+ = ( 0 , -X 3 , 2 x 2 , -xi); 
d/_ = (a; 2 ,- 2 a:i,a;o, 0 ); 

dh' = {X3, -X2,-Xi,Xq). 


and the Lie brackets (recall that the matrix of lo' is now 

[/+, /_] = X 3 X 0 - AX 2 X 1 + 82 : 12:2 = 2 : 02:3 - 2 : 1 X 2 = h'] 


/ 0 0 
0 0 
0 1 
\-3 0 


[h', /+] = -8x3X1 + 2 x| + X1X3 = 2 (x| - X1X3) = 2 /+; 
[h', /_] = X2X0 + 2 x\ - 8x0X2 = - 2 (x 2 Xo - xf) = -2/_; 
So X 2 in this case is isomorphic to sL. 


0 

-1 

0 

0 


3 \ 

0 

0 

0 / 


28 
















7.4 Grassmannian Gr(3, 6) 

The adjoint variety for the exceptional group Eq gives rise to legendrian variety 
Gr(3, 6) - the full Grassmannian of 3—spaces in a 6—space. 



Figure 3: The two homogeneous varieties for the group Eq. 


The Grassmannian Gr(3,6) is naturally embedded in the projectivisation of 
V := A^C®: the embedding is given by assigning [u A u A w] to the space spanned 
by {u,v,w}. The symplectic form on V is given by the natural map: 

w : h?V = A2(A®C®) —> A®C® ~ C®. 

Further let oi... ae be some coordinates on C® and let Xijk ■= UiAuj Auk- Then 
the 35 equations of Gr{3, 6) are: 

2^2432:456 + 2;3462;245 ~ 2:354X264 = 0, X235X456 + X365X245 ~ 2:354X256 = 0, 

2:2632:245 — 2:2352:254 + 2:2432:255 = 0, 2:2532:354 — 2:2352:345 + 2:2432:355 = 0, 

2:2532:456 + 2:3652:254 — 2:345X255 = 0 , Xi252:354 + X135X245 ~ 2:235X445 = 0 , 

2:4242:256 + 2:4252:254 + 2:4252:245 = Oj 2:4242:354 + X434X245 + 2:2432:445 = 0, 

2:4242:346 + 2:4342:254 — 2:2432:445 = 0, —2:4232:245 + 2:4242:235 + 2:4252:243 = 0, 

— X423X264 + 2:4242:253 — 2:4252:243 = 0, X4232:256 + 2:4252:263 + 2:4262:235 = Oj 
2:4232:354 + 2:4342:235 + 2:4352:243 = 0 , X4232:346 + 2:4342:253 — 2:4352:243 = 0 , 

— 2:4232:355 + 2:435X253 + X436X235 = 0 , 

2:4352:456 + 2:355X445 + X346X456 = 0 , X435X456 + X365X445 — X354X456 = 0 , 

2:4342:456 — 2:4352:445 + 2:4352:445 = 0, X434X365 + X435X346 + X436X354 = 0, 

2:4342:455 — 2:345X445 — X354X446 = 0 , X 426 X 346 + X436X264 — X263X446 = 0 , 

2:4252:365 + 2:435X255 + X263X456 = 0 , X426X456 — X 256 X 446 — X264X456 = 0 , 

2:4252:355 + 2:435X256 — X235X456 = 0 , X 425 a :456 — 2:2552:445 + 2:2452:455 = 0 , 

2:4242:455 — 2:4252:445 + 2:4252:445 = 0 , X 424 a :456 + 2:2542:445 + 2:2452:445 = 0 , 

2:4232:455 — 2:4252:435 + 2:4252:435 = 0 , X423X446 — X424X436 + X426X434 = 0 , 

2:4232:445 — 2:4242:435 + 2:4252:434 = 0, 

2:4252:354 + 2:4352:245 — 2:2352:445 — 2:2432:455 = 0, 

2:4252:345 + 2:4352:254 — 2:2532:445 — 2:2432:455 = 0, 

2:4242:355 — 2:4352:254 — 2:4352:245 + 2:2432:455 = 0, 

2:4232:455 + 2:2532:445 + 2:2352:445 + 2:2432:455 = 0, 

2:4342:255 + 2:4352:254 + 2:4352:245 — 2:2532:445 — 2:2352:445 — 2:2432:455 = 0; 

The Lie algebra g in this case turns out to be sle (not really surprising ...). The 
first 15 polynomials correspond to the positive roots of sis, next 15 to the negative 
roots while the last 5 of them span the Gartan subalgebra. 


7.5 Lagrangian Grassmannian Gri(3,6) 

The next example arises from the adjoint variety for the exceptional group it 
is a legendrian variety Grz,(3,6) - the Grassmannian of Lagrangian 3—spaces in a 
6—space. 

Assume on C® a symplectic form wpe is given. Then it determines a map: 

A^C® ~ C® 

Wee {u, v)w + UJee {v, w)u + tOce (w, u)v 


A^C® 
u Av Aw 
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•- 0 ^= 0 —o 


•=^= 0 —o 


Figure 4: The two homogeneous varieties for the group 


kernel of which is a 14 dimensional subspace V C A^C®. Intersecting Gr{3, 6 )nP(F) 
one gets the Grassmannian of Lagrangian subspaces in C®. The equations of V are: 


Xi24 + a;263 — 0, a;i25 + — 0, 0:134 + X235 — 0, 

a :365 + a;i 45 = 0, 0:346 + X245 = 0, 0:255 + 0:145 = 0; 


and the 35 equations of Gr(3,6) reduce to 21 equations of Gri(3,6): 


42/32/7 - 42/82/9 - 2/12 > 

2/32/13 + 2/42/12 + 22/62/9, 
-41/42/7 + 21/92/11 - 1/122/13, 

1/01/12 + 22/32/5 - 2i/42/6, 

2/02/8 + 2/22/3 


-42/62/7 - 21/82/13 - 1/112/12, 
2/31/11 - 22/42/8 + 2/62/12, 

-2/12/12 + 2/42/13 + 22/52/9, 


-2/02/9 - 2/12/3 

■ 2/i, 


- 2/4, 


-2/22/12 + 22/52/8 - 2/62/11, 2/02/13 - 22/i2/6 - 22/42/5, 

-2/02/11 - 22/22/4 + 22/52/6, -4i/ 52/7 + 2i/io2/i2 - 2/ii2/i3, 

42/22/7 - 42/82/10 - 2/11, 2/22/13 + 2/52/ii + 22/62/io, 

2/12/11 - 2i/42/io - 2/52/13, 42/12/7 - 4i/9i/io + 1/13, 

2/02/10+2/12/2 + 2/5, 

22/22/9 - 22/32/10 - 2/42/11 + 2/52/12, 

22/12/8 - 22/32/10 + 2/52/12 - 2/62/13, 

22/02/7 + 22/32/10 + 2/42/ii + 2/62/13; 

where 2 /i’s are the following symplectic coordinates: 



2/0 := a:i23. 


2/7 := 2:455, 


2/1 := 2^126, 


2/8 := 2:354, 


2/2 := a:i35, 


2/9 := 2:264, 


2/3 := 2^243, 


2/10 := 2:156, 

2/4 

= a:i24 = -2^263, 

2/11 

— 2x365 — ^2:145, 

2/5 

= a:i25 = -2^136, 

2/12 

= 2X346 = —2X245, 

2/6 

= a:i34 = —3:235, 

2/13 

= 2X256 = —2xi46; 


The Lie algebra g is now isomorphic to 5 ^ 5 . 


7.6 Spinor variety Sg 

Out of the adjoint variety for the exceptional group E-j one gets as the legendrian 
variety the spinor variety § 6 - 

O O 

•—o—o—o—o—o •—o—o—o—o 

Figure 5: The two homogeneous varieties for the group E^. 

The spinor variety 83 parametrises all the linear P^’s on a smooth quadric C 
P^^. It can be embedded in P(G) for 

V := = A°C® © A^C® © A^C® © A®C®. 
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Define the coordinates on V as follows: 


the coordinate on 
the coordinates on 


X 

TTl^j — A CLj 

Tiij = oiA . Aae the coordinates on A^C® 
y = ai A ... A ae the coordinate on A®C® 

Now let M and N be the skew-symmetric matrices of TOy’s and n^j’s correspond¬ 
ingly. Also let PJm and PJn be the matrices of all 4 x 4 Pfafhans of M and N. 
Then the 66 equations of the spinor variety are of the following three types: 

MN = xyldQ, PJm = -xN, P/n = yM 

(more detailed treatment of a spinor variety (but S5) is in |(lof{ep . The Lie algebra 
g for Se is SO12. 


7.7 Ej variety 

Finally, the last example arises from the adjoint variety of E^. It is a 27-dimensional 

O 

o—o—o—o—o—o—• 

0 i 

o—o—o—o—o—• 


Figure 6: The two homogeneous varieties for the group E^. 
Ej variety embedded in P®®. The 133 equations are: 


X 7 X 34 -\-XgX 3 G-\-XiiX 3 S-\-Xi 4 X 40 -\-Xi 7 X 43 -\-X 27 X 54 — 0 , 
XqX 32-\-3:8X33 -\-Xi 3X3 q-\-XiqX 42 -\-XiqX 45-\-X26X53—0, 
2I32I3O+21122138+^142139+^162141+2^232^49+2:^242^50=0, 

2112128+21432155 — X: 45 X^4-\-X 47X33—X 4qX^2'\~^ 50^51— 
2I52I3I—2110 2134 —2)112135+21202144+21222147—21252151=0, 
2I42I30—2112 2136—2)142137+21182141 —21232147+2125 2l50=0, 
212 2128—2140 2155+2142 2154—2144 2153+21462152—21482151=0, 
2182131+21102)32—21132135—21202142—21222145—2)262151=0, 

2I62I3O+2I122I33 — 21162137 - 21182139 + 21232145 + 21262150 = 0 , 

2)32128+21382155 — 2)392154+21412153 — 21462150+21482149=0, 
2l72l30+21l42l33+ail62l36+21l82l38—21232143+21272150 = 0, 
2152129—21152134—21172135 —2)22 2141 —21242144—21252146 = 0, 
2142128 — 21362155+21372154 — 21412152+21442150—21472)48=0, 
2172129—21172133—2)192136—2)212138—21232140 + 21272148 = 0, 
2182129+2115 2132—2)192135+21222139+21242142—21262146=0, 
2)62128+21332155-21372153+21392152-21422150+21452148=0, 


2152132+2182134 + 2192135+21202146+21222149+21242151=0, 

2l42l31+21l02l36+21ll2l37+21i82l44+ai2l2l47+ai252l52=0, 
ai22l29 + 21l52l40+21l72l42+21l92l44+2l2l2l46+2l222l48=0, 

2172132+2192133-21132138-21162140-21192143+21272153=0, 

2162131 -2IIO2I33+2I132I37- 21182 ) 42 - 2121 2145+ 2 ) 262152 = 0 , 

2132129—21152138—2:172139—21192141+2)232146+21242148=0, 
2I72I3I-2)112133—21133136 + 2)182140+2)212143+21272152=0, 
2152130 + 21122134 + 21142135 + 21202)41 — 21242147 — 21252149 = 0 , 

2I42I29+2I152I36+2I172I37-2I212I4I—21232144+21252)48=0, 
2192131+21112132+ 2 ) 133 :) 34 +21202140+21222143-21272)51=0, 

2182130 —21122132+2)162:35—21202139+21242145 —21262149 = 0 , 

2162129— 21152133 + 21192137 + 21212139 + 21232142 + 21262148 = 0 , 
2192130 — 21142132 —21162134+21202138— 21242143 — 21272149 = 0 , 
2I102I3O+2I122I3I+ 21182135 +21202137 + 2)252145+21262147=0, 
2152128+21342)55—2135 2I54+X412)51 —21442149+21462)47=0, 
2)112130+2I142I31 — 2 ) 182134 —21202136—21252143+21272147=0, 
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2^9^29+3:173:32+3^193:34 — 3:223:38—2^243:40—^272^46—0, 
3:103:29—3:153:31 —3:213:35 — 3:223:37+3:253:42+3:263:44—0, 
3:133:30+3:163:31+3:183:32+2:203:33-3:263:43—3:273:45=0, 
3:93:28+3:323:54—3:343:53+3:383:51—3:403:49+3:433:46=0, 
3:103:28+3:313:55—3:353:52+3:373:51—3:423:47+3:443:45=0, 
3:143:29+3:173:30+3:233:34+2:243:36+3:253:38-3:273:41=0, 
3:123:28—3:303:55+3:353:50—3:373:49+3:393:47—3:413:45=0, 
3:133:28+3:313:53—3:323:52+3:333:51—3:403:45+3:423:43=0, 

3:1528+3:293:55—3:353:48+3:373:46—3:393:44+3:413:42=0, 

3:163:28—3:303:53+3:323:50—3:333:49+3:383:45—3:393:43=0, 

3:203:29+3:223:30+3:243:31+3:253:32+3:263:34+3:273:35=0, 

3:193:28+3:293:53—3:323:48+3:333:46—3:383:42+3:393:40=0, 

3:213:28—3:293:52+3:313:48—3:333:44+3:363:42—3:373:40=0, 

3:233:28+3:293:50—3:303:48+3:333:41—3:363:39+3:373:38=0, 

3:253:28+3:293:47—3:303:44+3:313:41—3:343:37+3:353:36=0, 

3:273:28+3:293:43—3:303:40+3:313:38—3:323:36+3:333:34=0, 

3:03:35+3:83:37+3:103:39+3:123:42+2:152:45+3:263:55=0, 
3:42:34+3:53:36+3:113:41+2:143:44+2:172:47+3:253:54=0, 
2:22:31+3:103:40+3:112:42+2:133:44+2:212:51+2:222:52=0, 
3:03:29—3:153:27+3:173:26—3:193:25+3:213:24—3:223:23=0, 
3:33:33—3:63:38—3:73:39+3:163:48+3:193:50—3:233:53=0, 
3:23:32—3:83:40—3:93:42+3:133:46—3:193:51+3:223:53=0, 
3:93:30+3:123:27—3:143:26+3:163:25—3:183:24+2:203:23=0, 
3:33:36+3:43:38 — 3:73:41 —3:143:48—3:173:50—3:233:54=0, 

3:23:34+3:53:40—3:93:44—3:112:46+3:173:51+3:223:54=0, 
3:03:31—3:103:27+3:113:26—3:133:25+3:183:22—3:203:21=0, 
3:23:35+3:53:42+3:83:44+3:103:46 — 3:153:51+3:223:55=0, 
3:13:33—3:63:43—3:73:45—3:133:50—3:163:52 — 3 : 183 : 53 = 0 , 
3:93:32+3:83:27—3:93:26+3:133:24—3:163:22+2:193:20=0, 
3:13:35—3:53:45—3:83:47—3:103:49 — 3:123:51+3:203:55=0, 
3:12:36+3:43:43—3:73:47+3:112:50+3:143:52-2:183:54=0, 
3:93:34—3:53:27+3:93:25—3:113:24+2:143:22—3:173:20=0, 

3:12:37+3:43:45+3:63:47-3:103:50-3:123:52-2:183:55=0, : 

3:13:38—3:33:43—3:73:49—3:93:50+3:143:53+3:163:54=0, : 

3:22:41+2:32:44+2:43:46+3:53:48—3:153:54-3:172:55=0, 
3:93:37—3:43:26+3:63:25-3:103:23+3:122:21-2:153:18=0, 
3:93:38—3:33:27+3:72:24—3:92:23+3:143:19-3:163:17=0, 
2:12:42+3:23:45+3:63:51+3:83:52+3:103:53—3:133:55=0, 
3:93:40+2:23:27—3:73:22+2:93:21-2:113:19+2:133:17=0, 
3:93:41—3:33:25+2:43:24—3:52:23+3:123:17-2:143:15=0, 

3:93:43—3:13:27+3:73:20-3:93:18+3:112:16-2:132:14=0, : 

3:93:44+2:22:25—3:43:22+2:52:21-2:102:17+2:11X15=0, X 

XlX 48 +X 2 X 50 +X 3 X 52 +X 4 X 53 +X 6 X 54 +X 7 X 55 = 0 , 
X0X47—XiX 25 +X 4 X 20 -X 5 Xi 8 +XioXi 4 -XiiXi 2 = 0 , 
X0X49+X1X24—X 3 X 2 O + X 5 Xi 6 -X 8 Xi 4 +X 9 Xi 2 = 0 , 
X0X51—X1X22+X2X20—X 5 Xi 3 + X 8 Xii-X 9 Xio= 0 , 
X0X53—X1X19+X2X16—X 3 Xi 3 + X 6 X 9 -X 7 X 8 = 0 , 
X0X55—X1X15+X2X12—X3Xio + X4X8-X5X6=0, 


, X7X28—X33X54+X36X53—X38X52+X40X50—X 43 X 48 = 0 , 

3 , X 8 X 28 -X 32 X 55 +X 35 X 53 -X 39 X 5 i+X 42 X 49 -X 45 X 46 = 0 , 

), X11X29—X 17 X 31 +X 21 X 34 +X 22 X 36 -X 25 X 40 +X 27 X 44 = 0 , 
, X12X29+X15X30—X23X35 — X24X37 —X25X39—X26X41=0, 
), X13X29—X19X31 — X21X32—X22X33—X26X40—X27X42=0, 
), X11X28—X31X54+X34X52—X36X51+X40X47 —X43X44— 0 , 
3 , X16X29+X19X30-X23X32—X 24 X 33 + X 26 X 38 +X 27 X 39 = 0 , 
3 , X14X28+X30X54—X34X50+X36X49—X38X47 + X41X43— 0 , 

, X18X29+X21X30+X23X31 — X25X33—X26X36—X27X37— 0 , 
3 , X17X28—X29X54+X34X48—X36X46+X38X44—X40X41—O, 
3 , X18X28+X30X52—X31X50+X33X47—X36X45+X37X43 — 0 , 
3 , X20X28—X30X51+X31X49—X32X47+X34X45—X35X43— 0 , 
3 , X22X28+X29X51—X31X46+X32X44—X 34 X 42 +X 35 X 40 = 0 , 
3 , X24X28—X29X49+X30X46—X32X41+X34X39—X 35 X 38 = 0 , 
3 , X26X28—X29X45+X30X42—X31X39+X32X37—X33X35— 0 , 
3 , 

X 4 X 33 +X 6 X 36 +X 7 X 37 + Xi 8 X 48 +X 2 lX 50 +X 23 X 52 = 0 , 
X 3 X 32 +X 8 X 38 +X 9 X 39 + Xi 6 X 46 +Xi 9 X 49 +X 24 X 53 = 0 , 

, X1X30+X12 X43+X14X45+Xi 6 X 47 + Xi 8 X 49 +X 20 X 50 = 0 , 

, X4X35+X5X37 —X10X41 — X12X44—X15X47+X25X55—O, 

X3X34—X5X38+X9X41 —X14X46—X17X49+X 24 X 54 = 0 , 
X1X31 — X10X43—X11X45 — Xi 3 X 47 +Xi 8 X 5 i+X 2 OX 52 = 0 , 

, X3X35—X 5 X 39 -X 8 X 4 i+Xi 2 X 46 +Xi 5 X 49 +X 24 X 55 = 0 , 

X 2 X 33 + X 6 X 40 +X 7 X 42 +Xi 3 X 48 -Xi 9 X 52 -X 2 lX 53 = 0 , 

X1X32+X8X43 + X9X45-X13X49—Xi 6 X 5 i+X 20 X 53 = 0 , 

, X 3 X 37 +X 4 X 39 +X 6 X 4 i+Xi 2 X 48 +Xi 5 X 50 -X 23 X 55 = 0 , 

X2X36—X4X40 + X7X44—X11X48 + X17X52—X21X54 — 0 , 
XlX 34 -X 5 X 43 +X 9 X 47 +XiiX 49 +Xi 4 X 5 i+X 20 X 54 = 0 , 
X2X37—X4X42—X6X44 + X10 X48—X15X52—X21X55— 0 , 
X 2 X 38 +X 3 X 40 +X 7 X 46 +X 9 X 48 +Xi 7 X 53 +Xi 9 X 54 = 0 , 
X0X33—X6X27+X7X26—X13X23 + X16X21—Xi 8 Xi 9 = 0 , 
X2X39+X3X42—X6X46—X8X48—X15X53+X19X55— 0 , 

X0X35+X5X26—X8X25+X10X24—Xl 2 X 22 +Xl 5 X 2 O = 0 , 
X0X36+X4X27—X7X25+X11X23—Xl 4 X 21 +Xi 7 Xi 8 = 0 , 
X1X39-X3X45+X6X49+X8X50—Xi 2 X 53 +Xi 6 X 55 = 0 , 

X1X40 + X2X43—X7X51—X9X52—XiiX53-Xi3X54=0, 
X1X41—X3X47—X4X49—X5X50—X12X54—X14X55— 0 , 
X0X39+X3X26-X6X24+X8X23—Xl 2 Xi 9 +Xi 5 Xi 6 = 0 , 
X1X44+X2X47—X4X51 — X5X52+X10X54+X 11X55=0, 
X0X42-X2X26+X6X22—X8X21+X10X19—Xi 3 Xi 5 = 0 , 

X1X46+X2X49 + X3X51-X5X53—X8X54—X9X55=0, 
X0X45+X1X26—X6X20 + X8X18—XioXi 6 +Xi 2 Xi 3 = 0 , 
X0X46-X2X24+X3X22—X5X19 + X8X17—X 9 Xi 5 = 0 , 
X0X48+X2X23—X3X21+X4X19—X6Xi7 + X7Xi5=0, 
X0X50-X1X23+X3X18—X4X16 + X6X14—X 7 Xi 2 = 0 , 
X0X52+X1X21—X2X18+X4X13—X 6 Xii+X 7 Xio= 0 , 
X0X54+X1X17—X2X14+X3X11—X4X9 + X5X7=0, 
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2^29+2:22:30+^3^31+2^42^32+2:52:33+^62:34+3:83:36+2^103:38+^122^40+2^15^43—^27^55=0, 
82:02:28+32:12:29+32:22:30+32:32:31+32:42:32+2:52:33+32:62:34+32:72:35+2:82:36+2:92:37+2:103:38+2:112:39 + 

+2:122:40+2:132:41+2:142:42+2:152:43+2:162:44+2:172:45+2:182:46+2:192:47—2:202:48+2:212:49—2:223:50+2:232:51 — 

—2:242:52—2:252:53—2:262:54—2:273:55=0, 

22:02:28+22:12:29+22:22:30+22:32:31+22:42:32+22:52:33+2:62:34+2:72:35+2:83:36+2:92:37+2:102:38+3:112:39 + 
+2:122:40+2:142:42+2:152:43+2:172:45—2:262:54—2:272:55=0, 

82:02:28+32:12:29+32:22:30+32:32:31+22:42:32+22:52:33+22:62:34+22:72:35+22:82:36+22:92:37+2:102:38+2:112:39 + 
+2:122:40+2:132:41+2:142:42+2:152:43+2:162:44+2:172:45+2:192:47—2:252:53—2:262:54—2:272:55=0, 

52:02:28+52:12:29+52:22:30+32:32:31+32:42:32+32:52:33+32:62:34+32:72:35+32:82:36+32:92:37+32:103:38+32:112:39 + 

+2:122:40+82:132:41+2:142:42+2:152:43+2:162:44+2:172:45+2:182:46+2:192:47+2:202:48+2:212:49+2:222:50—2:232:51 — 

—2:242:52—2:252:53—2:262:54—3:273:55=0, 

22:02:28+22:12:29+2:22:30+2:32:31+2:42:32+3:52:33+2:62:34+2:72:35+2:83:36+2:92:37+2:103:38+2:112:39 + 
+2:122:40+2:132:41+2:142:42+2:162:44+2:182:46+2:202:48=0, 

82:02:28+2:12:29+2:22:30+2:32:31+2:42:32+2:52:33+3:62:34+2:72:35+2:82:36+2:93:37+2:102:38+2:112:39 + 

+2:122:40+2:132:41+2:142:42+2:152:43+2:162:44+2:172:45+2:182:46+2:192:47+2:202:48+2:212:49+2:223:50+2:232:51 + 
+2:242:52+2:252:53+2:262:54+2:272:55 

Again the equations encode the ey Lie Algebra. 

7.8 Degenerate cases 

In all the above examples the Lie algebra g obtained from the quadrics in the ideal 
of X is exactly the maximal semisimple subalgebra of the parabolic subalgebra of 
the original nilpotent orbit. This happens for the two degenerate cases as well. 



Figure 7: The degenerate cases: An+i gives A„_i U A„_i and C„+i gives Cn- 


For sln +2 the contact manifold is and the legendrian variety is a 

disjoint union of two linear P”“^’s embedded in Therefore choosing proper 

symplectic coordinates the ideal is generated by {xiXn+j -hj G {0,1,...n— 1}} 
and this gives g ~ s[„ which is exactly the maximal semisimple subalgebra of 
P < Sln+2- 

For sp 2„_|_2 the contact manifold is P^n+i corresponding “legendrian 

variety” is empty. So the quadratic part of the ideal of a empty variety is all the 
Sym^ V* and hence g ~ sp 2 „. This is again the maximal semisimple subalgebra in 
P < Sp2n+2- 

8 Lie groups and the representation theory 

I will summarize several facts about the Lie groups and the representation theory. 
They are essential to the final classification in the preceding section. Most of them 
is well known, but I was not able to find the appropriate references to such explicit 
statements. 
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8.1 Semisimple and irreducible 

The first statement says about the semisimplicity of the group, which was defined 
in the section ini 

Lemma 8.1 Let X be a projective variety and let G be a group of projective au¬ 
tomorphisms preserving X. Suppose that G acts transitively on X and that the 
subgroup acting trivially on X is discrete. Then G is semisimple. 

Proof. Since X is projective, there exist a parabolic subgroup P < G (see |Borel 
§11.2]), such that GjP = X. But since the subgroup acting trivially is discrete, then 
so is the intersection PlgeG 9~^P9- ^ contains a Borel subgroup B ( |Borel cor. 

11 .2]), so rigeG 9~^^9 i® discrete as well and therefore it’s connected component of 
the identity (which is equal to the radical of G - see [Borel §11.21 and thm 11.1]) is 
trivial, so G is semisimple (see [Borel §11.21]). 

□ 

Recall, that every representation of a semisimple Lie algebra decomposes into 
eigenspaces of the action of its Cartan subalgebra f) < g: 

g = f) © ^ Qa y = ^ y\ 

ct^R A £ ^ * 

where R is the set of roots and go is the root space of a. For a convenience I will 
also denote by go the 0-eigenspace, i.e. the Cartan subalgebra 1), although 0 is not 
considered as a root. V is a representation and V\ is the A-eigenspace. 

Next statement says about the irreducibility of the restriction of the natural 
representation of sp(R) to the Lie algebra g. 

Lemma 8.2 Let G be a semisimple group, V its representation and X C P(y) a 
closed orbit of the induced action on P(R). Then the linear space W := spanX is 
an irreducible subrepresentation ofV. 

Proof. Clearly span A is a subrepresentation. Choose a point x G X and let P < G 
be the parabolic subgroup preserving x. Let also p and g be the corresponding Lie 
algebras. Also choose a Cartan subalgebra p < p < g [FiiHal §23.3] and a suitable 
root order. Then all the elements in any positive root space of g take a; to 0 and 
therefore a nonzero vector in the line cc C C is the highest weight vector for a 
irreducible subrepresentation W. But then x G F{W) and hence W must contain 
spanX. So IT = spanX and it is a irreducible subrepresentation. 

□ 


8.2 Preferred basis 

Assume that G is a semisimple group, V is an irreducible representation and X is 
the closed orbit in P(T). Let n — 1 be the dimension of X and m be the dimension 
of V. Fix a parabolic subgroup P < G such that X GfP, a Cartan subalgebra 

1) < p < g and the corresponding root order as in the above proof. Then: 

Lemma 8.3 There exist a basis {?;oj 'I'l) • ■ • j u„_i, t>„, ..., Vm-i} of V 

1) the action of \} on V diagonalises in the basis; 

2) Vo is the highest weight vector and vq G X; 

3) the tangent space of X at the point vq is spanned by vo,vi,... ,Vn-i. 
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Proof. Choose a basis satisfying 1) and 2). Then the tangent space to X at vq is 
exactly the image 0 (no). So let oi,..., a„_i be the negative roots that are not is 
p and let gi,... ,gn-i denote the corresponding Lie algebra elements. Then vg and 
giivoYs are weight vectors, which span the tangent space. So let Vi := gi(vg) and 
choose Vm ..., Vm-i out of the other weight vectors correspondingly. 

□ 


8.3 Semisimple, but not simple 

Further, I analyze the case where G is semisimple but not simple. Then a nice 
statement can be formed about the irreducible representations of such. 


Lemma 8.4 Let g = a 0 b for some semisimple Lie algebras a, b and let V be an 
irreducible representation of q Then V ~ Wa 0 Wt,, where Wa is an irreducible 
representation of a and Wt, is an irreducible representation ofb. 

Proof. First decompose the highest weight Aq of V into the components: 

Aq = chq + Po, 


ag being a weight of a and Pg being a weight of b. Next let Wa be the irreducible 
representation with the highest weight ag and Wb be the irreducible representation 
with the highest weight Pg and denote the highest weight vectors of these repre¬ 
sentations via Wao and wpg correspondingly. Clearly W := Wa 0 Wb contains the 
representation y as a subrepresentation, so the only thing is to prove that W is 
irreducible. Now W is spanned by simple tensors of weight vectors, i.e. by the 
tensors of the form Wa for Wa a weight vector in Wa and wp a, weight vector 

in Wb ■ But since Wa (and Wb ) is irreducible, it follows that Wa = o/c o ... o oi {wag ) 
for some at ’s in some root spaces of a (and similarly wp = bio .. .obi{wpg ) for some 
bj's in some root spaces of b). Then 

Wa wp = bi o . . . O bi O Ok O . . . O ai{Wao 0 wpa) 


and hence W is irreducible, so C ~ IT = Wa 0 Wb- 


□ 


8.4 Semisimple subalgebra generated by ui,..., 

Assume again that g is a semisimple Lie algebra. Recall that for every (positive) 
root a G R one has a subalgebra Sq < g spanned by the root spaces Qa, Q-a and 
their product [gQ,g_a]. Every subalgebra Sq is isomorphic to SI 2 |FuHa[ fact 14.6 
and (D.16)] and a lot of interesting properties of representations of semisimple Lie 
algebras can be proved just by restricting to Sq’s. For example: 

Lemma 8.5 Let V be a representation of q, a be a root of g and X be a weight of 
V. Assume that X + a is a weight ofV as well. Let g be a non-zero element of the 
root space Qa- Then the linear map 


gWx ■ tA 




is non-zero. 

Proof. Let W = 0jgRVA-i-ta, i-e. the sum of those weight spaces, which are in 
the “a string through A” (i.e. the intersection of weights of V and the line passing 
through A and parallel to a - see for example iFaH^ §21.1, property (5)] for an 
analogous notion for the adjoint representation). Then IT is a representation of Sa 
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and the problem is reduced to the case of g ~ sl 2 . And for 012 it is easy - see rpYTH^ 
(11.5)]. 

□ 

Now I will present an obvious generalization of the above idea. So let oi,..., Ofe G 
R be some positive and linearly independent roots of g and let S' C i? be the in¬ 
tersection of R and Sr := spangjai,... , 0 ^}. Let s = Sai,.be the subalgebra 
of g generated by the root spaces corresponding to the roots of S. Then 0 is a 
semisimple Lie algebra of rank k. 

For short, I will refer to the subalgebra 0 as to the semisimple subalgebra 
generated by oi,..., a/c, although it is not perfectly precise. Note that for fc = 1 
the subalgebra 0^1 is nothing else than the 0(2 subalgebra corresponding to the root 

ai. 

Further let F be a representation of g. If I 4 is the restriction of the represen¬ 
tation to 0 , it splits into the slice-subrepresentations (usually not irreducible), 
each of which has the weights (and multiplicities) being a slice of the weight dia¬ 
gram of V, i.e. the intersection of the weight diagram and A -I- S'r (A is a weight of 
V). Now in particular: 

Lemma 8.6 If V is irreducible take the highest weight Aq and let W be the irre¬ 
ducible representation of s with the highest weight Aoj^. Then the weights ofW are 
contained in those weights of V that belong to Aq -I- S'r and the multiplicities of W 
are less or egual than those of the slice. 

□ 


8.5 Nilpotent subalgebra 

Let n < g be the nilpotent subalgebra generated by all root spaces Qat where the 
tti’s are these roots which are not the roots of p. So g = p 0 n (the sum is of the 
vector spaces, not of the Lie Algebras) and R = RpU Rn, where Rp and R„ are the 
sets of roots of p and n correspondingly. 

Let D be the Dynkin diagram for g. Recall, that a homogeneous space is deter¬ 
mined by specifying which of the simple negative roots belong to R„ - all the others 
belong to Rp. 

Proposition 8.7 Assume g is simple. Also assume that the angle between any two 
roots in R^ is either acute or right. Then only there is only one simple root in Rn • 

Proof. Assume that there are two simple roots a and a' in Rn. Since g is simple, 
the Dynkin diagram D is connected. So let 

a = ao,ai,... ,afe_i,a/c = a' 

be a connected string of negative simple roots (without repetitions). 

Lemma 8.8 For every 0 < m < k the sum oq + • ■ • + ctm is a root in Rn. 

Proof. Argue inductively. For m = 0 there is nothing to do. So assume oq + ... + 
ttm-i =: l3 is in Rn for some m > 1. Then the angle between (3 and am is obtuse 
and hence f3 + am is a root |FuHa[ §21.1, property (6), p324]. Also it has to be in 
Rn, for otherwise: 

[3 — (/? 0 am') 0 ( Q^m) 

is a sum of two roots in Rp, so (3 is in Rp, contradicting the inductive assumption. 
This proves of the lemma. 

□ 

To finish the proof of the proposition just notice that the angle between ao 0 ... 0 
ttfc-i and ak is obtuse, as in the proof of the lemma and that contradicts the 
assumption of the proposition. 

□ 
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9 Legendrian subvarieties generated by quadrics 

The theorems of section^give a powerful tool for explicit calculations for legendrian 
varieties generated by quadrics. Namely, I can study the representation theory for 
the group G. Using the representation theory I can finally restrict the number of 
possibilities just to the cases described in the section |7| 


9.1 Notation and basic properties 

In this subsection I want to fix a notation for whole section M So let X Ci P(U) be 
a smooth legendrian variety generated by quadrics (also I want X to be irreducible 
and nondegenerated). Recall from the section El the subgroup G < Sp{.(U), which 
acts transitively on X by the theorem lb.hi Let g be it’s Lie algebra and I 2 the set 
of quadrics in the ideal of X. 

Corollary 9.1 With the above notation, G is semisimple and V is its irreducible 
representation. 

Proof. It is an obvious consequence of the above assumptions, the proposition |^| 
and finally the lemmas f8 . II and 

□ 

This is already a lot. The forthcoming corollary sketches the idea of the final 
classification in the subsection EH So a list of properties of the representation V 
will be proved. Further, I will check that only the examples of section |7| satisfy the 
properties. The irreducibility is more than enough to deal with the G 2 case. 

Corollary 9.2 G is not of type G 2 . 


Proof. Assume g is isomorphic to the exceptional Lie algebra g 2 (lEHil lecture 
22], E u in § 19.3]). There are exactly three homogeneous spaces for the group G 2 : 
the five dimensional quadratic hypersurface, the five dimensional G 2 -variety and 
the six dimensional flag over the two previous spaces - i.e. the quotient by the 
Borel subgroup f irm §23.3, p.391]). Therefore, since dimension of V is twice 
the dimension of X, it follows that dimU is either 12 or 14. Have a quick look at 
the representation theory of g 2 ( jFuHal §22.3]) and notice that there are only two 
non-trivial irreducible representations of dimension less or equal to 14: the natural 
one (of dimension 7) and the adjoint one (of dimension 14). So V must be the 
adjoint representation of g 2 , but then X would have to be the G 2 -variety l |FuHal 
§23.3, p.391]), so the dimension argument fails. Hence g is not g 2 nor G is of type 
G 2 . 

□ 

Note, that it is not essential to put the above corollary here, yet it will simplify 
some proofs of the subsection El 

Proposition 9.3 There exist a basis {z)o, vi,..., Vn-i,Vn, ■ ■ ■, f 2 n-i} of V and a 
Cartan subalgebra f) < g, such that: 

1) the action of \) on V diagonalises in the basis; 

2) vq G X and vq is the highest weight vector ofV; 

3) the tangent space of X at the point vq is spanned by vg, vi,..., Vn-i- 

4J the basis is symplectic, i.e. the matrix of the symplectic form is: 


J = 


0 Id, 
-Id„ 0 
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Proof. Let {rg,..., Vn-i,Vn, • ■ ■, V 2 n-i} be a basis of V and 1) a Cartan subalgebra 
satisfying 1), 2) and 3) - see the lemmaIn fact, this basis is already little away 
from being symplectic. To see that, for h G write 


h = diag(Ao(/i), Ai(/i),..., X 2 n-i{h)) 


where A^’s are linear forms on t). One has the following equalities for every 0 < i, j < 2n — 1: 


Aj(/i) • uj{wi,Wj) = uj{h{wi),Wj) = h{wj)) = -Xj{h) ■ uj{wi,Wj). 


Therefore, whenever uj{wi,Wj) is non-zero, one has Xi = —Xj. Using this property 
and the definition of the symplectic form one can easily change the order of Vi ’s and 
rescale them (and also perform another base change within weight spaces) to get 
the property 4) of the proposition without spoiling 1), 2) and 3). 

□ 

From now on I will stick to the notation, that t) is the Cartan algebra and 
{vo,vi,... ,Vn-i,Vn, ■ ■ ■V 2 n-i} is the basis of the proposition 19.31 Note that still 
we have a small choice of this basis: namely we can permute ui,... Vn-i and apply 
the same permutation to u„+i,..., V 2 n-i and the properties l)-4) of the proposition 
will be preserved. 

Now, thinking of g as a subalgebra of sp 2 n, take any g G Q and write it as a 
matrix in the basis 

{^0; ni, . . . , Vfi—l , Vn , ■ ■ ■ U2n—1} 

in the following block form: 


/ ^0 

T 

V 

\ 

ai 

A 

c 

C 

M 

b^ 

—Ao 

-a{ 

b 

\ 

B 

-02 

-A^ 

/ 


(9.4) 


where Ag, /r and v are scalars of C, ai,a 2 ,b and c are vertical vectors in C"“^ and 
finally A, B and C are (n — 1) x (n — 1) matrices. Moreover B and C are symmetric 
matrices. For a convenience, I will write for example Xo{g) or c{g) or C{g )... to 
mean the proper block of the matrix g. 

Let me state the first properties of the above block form of g: 


Lemma 9.5 With the above setup, the following conditions hold: 

(i) /i = 0 and b = 0; 

(ii) Ag and ai are epimorphic, i.e. for each X G C and a G there exists 

g G g, such that Ag(g) = A and ai{g) = a. 

Proof. To prove (i) first notice, that since vq G X and the quadric corresponding 
to 2 J o g is in I 2 lsee l.^.1 2ll . hence it vanishes on vq and this is equivalent to ^ = 0. 

Second, to prove the other part of (i) and (ii) as well notice, that by computing 
the linear part of exp(g), we have that Ty^X is exactly equal to 

{(^o(g),ai(g),p(g),b(g)) : g G gj. 

On the other hand by the property 4) of the basis, 

TygX = span{wg,ui,... ,u„_i}. 
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So 6 = 0 and both Aq and oi can be chosen arbitrarily. 

Summarizing we get the following block form of the matrix g: 


/ 

02 (ff)^ 

^{g) 

c{gV 

ai{g) 

A{g) 

c{g) 

C{g) 

0 

0 

-^ 0 ( 5 ) 

-ai{gV 

0 

V 

B{g) 

- 02 ( 5 ) 

-AigV 


Next, for an element h G 1) write 


□ 


(9.6) 


h = diag(Ao(/i), Xi{h), ...A„_i(/i), -Ao(h), -Xi{h),... - A„_i(h)) 

for some Xi G [)*,i G {0,1,.. .n — 1}. Note, that obviously Aq coincides with the 
restriction of the form defined on g in EH 


9.2 Roots and weights 

In this subsection I am going to examine the properties of roots of g and weights of 
V. So denote by R the set of roots with respect to the Cartan subalgebra [). 

Proposition 9.7 (1) The weights of V are exaetly ±Xi’s for i G {0,...n — 1}. 

In particular multiple weights occur if and only if Xi = ±Aj for some i,j and 
some choice of sign. 

(2) Every root of q is of the form ±Ai ± Xj for some choice of i and j and some 
choice of signs - but the choices are never unique. 

(3) Ao is the highest weight ofV. 

Proof. (1) is obvious and (3) follows immediately from the point 2) of the propo¬ 
sition ESI To prove the first part of (2) notice that the adjoint representation of g 
is a subrepresentation of the adjoint representation of sp(I^) restricted to g. The 
last one is isomorphic to Sym^ V* ~ Sym^ V and the weights of Sym^ V are exactly 
±Ai ± Xj. 

The first part of (2) could also be seen explicitly by computing the matrix form 
of [h,g] for G f), 5 G g. 

The second part of (2) is also easy: if there is a root a with unique presentation 
a = ±Ai ± Xj then the matrix of every G ga is of rank at most 2. But matrices 
of rank 2 correspond to reducible quadrics in the ideal of X, contradicting the 
assumptions of irreducibility or nondegeneracy. 

□ 


Corollary 9.8 2Ao is not a root of q, v = Q and G X. 

Proof. Since Aq is the highest weight of V, 2Ao is not equal to any other sum of 
the form ±Ai ± Xj. So it cannot be a root of g. 

Next, this means, that for every g G Qa (for every a) v{g) = 0, so simply jz = 0. 
Computing the quadric corresponding to Jg, one can see that z/ = 0 is equivalent 
to the fact that all the quadrics in I 2 vanish on Vn. So Vn G X. 

□ 


Lemma 9.9 All Xi’s are non-zero forms on 1). 
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Proof. Assume Ai = 0. For any 5 S g let g(j^k) be the term in the j’th row and 
/c’th column of g (for a convenience I enumerate rows and columns from 0). Then: 

g(i,i) ~ g{i,n+i) ~ g{n+i,i) ~ g{n-\-i,n+i) ~ 0- (9.10) 

Indeed, if any of the above terms is non-zero for some g € Q, then it is also non-zero 
for some ga G ga, for some a G RLi {0}. But then computing the action of f) on 
ga and using the assumption that Ai = 0, I get that a = 0. So in fact g G i) and 
this contradicts either the assumption that Ai = 0 or that every element in [) is a 
diagonal matrix. 

But translating the equations into the properties of the ideal X oi X one 

gets that the line spanned by {vi,Vn+i} is contained in X contradicting the basic 
properties of legendrian variety. 

□ 

Now, choose an order of the roots R = R'^ U R~ . It must be compatibile with 
the setup so far, so that the parabolic subalgebra p fixing [uq] G P(IG) must contain 
the Borel subalgebra f) © ga C p. 

Note, that if a is a root then every element g G Qa has only 0 terms on the diag¬ 
onal. Similarly if the term of g in i’th row and j’th column (again for a convenience 
I enumerate rows and columns from 0) is non zero, then: 

a = Xi — Xj for 0 < z, j < n — 1, 
a = Xi + Xj for 0 < z < n — 1, n < j <2n — 1 and 
a = —Xi — Xj for n < z < 2n — 1, 0 < j < zz — 1. 

In particular taking j = 0 and 1 < z < n — 1 and using the lemma Ib.bf ii'l we get 
that: 


Proposition 9.11 Each Xi — Xq is a root of q. Moreover Xi — Xq G R and each 
of these roots is different. 


Proof. To see that Ai — Aq G R~ , just notice, that if ai{g) 0 then g ^ p. To 
see that for z ^ j the roots Xi — Ao and Xj — Aq are different, it suffices to use the 
fact that the root spaces are one dimensional (see |iVFT^ fact 14.2(i) and (D.20)] 
or |Hu721 prop. 8.4(a)]). 


□ 


Corollary 9.12 For every i,j G {0, 1,..., rz — 1}, i ^ j the weights Xi and Xj are 
different. 

□ 


Corollary 9.13 For each 1 < z < zz — 1 the form Xq — Xi is a positive root. 


Proof. The fact that the negative of a root is a root can be found for example in 
[FuHal fact 14.2(iii) and (D.13)] or |Hu72[ thm. 8.5(b)]. 

□ 

Now let me study in more details the structure of paq-A;. According to what 
has been done so far every element gi G gAo-A^ is of the following form: 


/ 0 

h{gi)ej 

0 

c(5*)^ 

0 

Mm) 

c(50 

C{g^) 

0 

0 

0 

0 

0 

V 

B{g^) 


-A{g.)^ 
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where ki{gi)ei is just a scalar multiple of and is a standard base vector of 
Just in case the reader feels a bit lost at this moment, let me quickly recall, 
how did I get the above form out of lb. till : 

• ^o{9i) = 0, because Aq — is not 0, so gi ^ f); 

• ai(3i) = 0, because Aq — Ai ^ Xj — Aq - the first one is positive, while the 
other is a negative root; 

• 0-2 (ffi) is a multiple of e^, because Aq — A^ ^ Aq — Xj for j ^ i - that is the 
corollary 19.121 now the goal is to prove that ki actually is non-zero; 

• = 0> because i/ = 0 - that is the corollary 19.81 

Now assume gi is non-zero. Then by the lemma, I^~H1 the map 

gi ■ V\^ —> I/ao 

is non-zero. In particular considering properties of Saq-a, — sl 2 I have 

gi{vi) = 5*(gA,-AoK)) e I4o\{0} 

This in particular means that ki is non-zero. Therefore: 

Corollary 9.14 gi{vn) is not contained in the tangent space to X at the point Vq 
( i.e. in the spaii{vQ,... ,Vn-i})- 


□ 


9.3 The semisimple case 

Just now it is the right time to understand what happens if the group G is not 
simple, so that g = a 0 b is a non trivial splitting. Although this case was dealt 
with by Landsberg and Manivel in |LM04[ cor.6 and section 2.4], I will provide a 
different proof. Treat this subsection as a digression presenting what kind of a tool 
am I developing. 



Figure 8: The four subspaces with the first coordinate ±ao or the second ±/3o- 

So let g = a 0 b and V — Wa 0 Wt, as in the lemma lOl Denote by ats all 
the weights of Wa and by /Jj’s all the weights of W^, so that the weights of V are 
exactly Uk 0/3;. On the other hand, each root of g is either a root of a or a root 
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of b. This is in particular true for the roots Aq — Xi (see lh.i;f|l . So each Xi has 
either the first, or the second coordinate equal to the same coordinate of Aq. So 
write Ao = ckQ + Po and since every weight of V is of the form ±Ai (see Ell)), it 
follows that every weight of V is contained in one of the four following subspaces: 
either the first coordinate is equal to ±ao or the second one is equal to ±/3o - see 
the figure IHl 

Remark 9.15 Both ao and are non-zero. 

Proof. Indeed, Aq is the highest weight, so if one of it’s coordinates (say, the 
second one) is zero, then whole the representation has this coordinate equal to 
zero. But this means, that whole subalgebra b acts trivially on V, contradicting 
the proposition Ifi.hi 

□ 


Proposition 9.16 One of the representations Wa or Wb has exactly 2 weights. 

Proof. Both representations have at least 2 weights each: ±ao and ±/3o- H there 
is another one for each of them, say Oi ^ ±ao and f3i ^ ±/3o, then Oi + /3i is a 
weight of V, but it is not contained on any of the four subspaces. 

□ 

Have a quick look at the classification of semisimple Lie algebras (see for example 
[FuHal lectures 11-20 and 22] or |Hii72l chapter III]) to see that in fact the Lie 
algebra (say it is a) which admits an irreducible representation with two weights 
must be isomorphic to 5 ( 2 : for all the others, the Weyl group doesn’t preserve any 
line (neither it can be a direct sum of SI 2 and something, via the same argument as 
in the proof of the remark 1^. 1 5II . 

Also Wa is two dimensional, so it is standard representation of a ~ 0 I 2 and hence 
Wgotb must be of dimension n. Therefore X is a product hypersurface in x 
It is obvious now, that X must be a product of P^ and a quadric hypersurface in 
P"“^ (otherwise X is either degenerate or not homogeneous). 

Hence the theorem: 

Theorem 9.17 If g is not simple, then g ~ SI 2 © so„ and X is a product of line 
and a quadric hypersurface. 

Proof. It follows from the above considerations, that X is isomorphic to P^ x Q^~^. 
On the other hand in the section 17^ it was computed explicitly what is the algebra 
g isomorphic to. 

□ 


9.4 Lengths and angles 

Recall, that there exists a unique (up to scalar) non-degenerate inner product on 
the weight lattice invariant under the action of the Weyl group (see [ FuHal §14.2])- 
it is determined by the Killing form. Although it is very hard to say anything 
precise about the Killing form on g, I will use the form to exclude a lot of the 
configurations. So in this subsection I am going to compare the angles between the 
roots and their lengths. 


Remark 9.18 Note that if a and fd are roots of q, then the angle between them 
is a multiple of either f or j: it cannot be equal to ^ or since the only Lie 
algebras, for which these angles occur are products of g 2 and something, but this 
case is excluded by the corollary ro and the analysis of the semisimple case. In the 
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following analysis I will restrict some rank 2 semisimple subalgebras of g generated 
by some positive roots, as in the subsection \8 .4\ - I can assume that they are all not 
of type G 2 , since the angles ^ and ^ do not appear on in the root system of q. 





Figure 9: The rank two root systems (except G' 2 ). 

In the next few proofs I will argue by restricting to some rank 2 subalgebras of 
g. So the reader might find it useful to have a quick look at the figure El to recall 
the root and weight systems of the rank 2 semisimple Lie algebras. Note that the 
system of G 2 was omitted since it will not appear in the considerations. 

Proposition 9.19 For every i,j € {1, ... ,n — 1} the inequality holds: Xi —Xj. 

Proof. Assume Xi = —Xj for some i,j. Then in particular i ^ j, since Xi 7 ^ 0. 
Moreover both i,j 7 ^ 0, since Aq is the highest weight and V is irreducible. Take 
s < g to be the semisimple subalgebra generated by oi = Aq — Xi and 02 = Aq — Xj 
and the subrepresentation W C V with the highest weight Aq as in the subsection 
10 Now s is a rank 2 semisimple Lie algebra (not isomorphic to g 2 by the remark 
EUHI), so it is of type A 2 , B 2 or Ai x Ai. Note, that by the assumption the weight 
Ao of s is a half of a sum of two positive roots, namely: 

•^0 = ~ K + Xq — Xj). 
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Comparing the root systems anc 
Also in i ?2 it can only happen if 
roots and then their sum (equal 

weight lattices, 
Ao — Xi and Aq 
to 2Ao) is a roo 

this already excludes the case A 2 
— Xj are the shorter perpendicular 
t, contradicting the corollary 19.81 



Xi 

Xq 











Xi = 


j—Xo+Xi 


-k 

0 

.^ 

V 






A, X Ai 


Figure 10: The impossible weight diagram for Ai x Ai from the proof of the propo¬ 
sition ESI 

So the only remaining case is that s is of type Ai x Ai. Now since 0 is in the 
plane passing through the weights Aq, Ai, Xj, It follows that — Aq falls into the slice 
of weight diagram of W and hence G W. But then the multiplicity of Ai = —Xj 
(and similarly of Xj = — Ai) is equal to 2, since both Vi, g\„-x^{vn) G W and they 
are linearly independent by the corollary It). 141 On the other hand, the multiplicity 
of Ao (and of — Aq) is 1. Such a weight diagram (see the figure [TOIl cannot occur. 
That excludes the last case and proves the proposition. 

□ 


Corollary 9.20 All the weights of the representation V have multiplicity 1. 

Proof. The corollary follows immediately from the corollary 19.1 2 l a,nd the proposi¬ 
tion 

□ 

Lemma 9.21 Assume (Aq — Ai) -I- (Aq — Xj) = (Aq — Afc) for some i,j, k. Then the 
semisimple Lie algebra s generated by any two of them is of type B 2 (so 5 ~ SP 4 J. 
Moreover (Aq — Ai) and (Aq — Xj) are perpendicular and the representation W as 
defined in the lemma \^^ has exactly 4 weights: Xq, Xi, Xj, Xk- 

Proof. Note that each pair from (Aq— Ai), (Aq— Aj), (Aq— A;s) is linearly independent, 
but altogether they span a two dimensional subspace, so s does not depend on the 
choice of the pair. Now s is a rank 2 algebra (as usually, not isomorphic to 02 by 
the remark I9.18II . so it is of either of types Ai x Ai, ^ 2 , i? 2 - The Ai x Ai case is 
immediately excluded, since there are only two positive roots there. Now consider 
the irreducible representation W generated by Aq. 

By the corollary pnni all the multiplicities of W are equal to 1. This does not 
leave a lot of possibilities out: in case of A 2 (i.e. 5 = sis), the only such repre¬ 
sentations are those, whose highest weight lays on an edge of the Weyl chamber 
(see |FuHal §13.2, ppl83-184]). But then only two negative roots move the high¬ 
est weight to another weight and this is not the case for W. So indeed the only 
possibility is that s ~ SP 4 (so it is of type 82 ). But then again there are only two 
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Figure 11: The only potentially possible configuration of roots in case (Aq — Ai) + 
(Ao — Aj) = (Ao — Afc) as in the lemma I^OTl 

possibilities for W: it is either isomorphic to the natural representation of sp 4 or to 
the subrepresentation of the exterior square of the natural one (see [FuHal §16.2]). 
The latter case is in contradiction to (Aq — A^) + (Aq — Aj) = (Aq — A^). So W is 
the natural representation of 5 p 4 as pictured on the figure 1771 And this implies the 
lemma. 

□ 

Remark 9.22 Actually, it never happens that (Aq — Ai) + (Aq — Xj) = (Aq — A^). 

Let n < g be the nilpotent subalgebra generated by all gA^-Ao’s, so that g = p0n 
and R = RpUR„, where Rp and Rn are the sets of roots of p and n correspondingly. 
Now the above lemma says a lot about the configuration of the roots in 

Corollary 9.23 Let Ai — Aq and Xj — Aq be any two distinct roots from Rn- Then 
the angle between the two roots is either acute or right. 

Proof. If the angle is obtuse, then the sum of the two roots is a root (see iFniT^ 
§ 21 . 1 , property (6), p324]) and it is in Rn, so it is of the form Afc — Ao, contradicting 
the lemma. 

□ 


Theorem 9.24 If q is simple then only one simple root belongs to Rn- 
Proof. This is a consequence of the proposition lO and the corollary 

□ 

Note that the theorem already implies the classification: if only one simple 
root belongs to Rn, then the Picard number of X is one ([citation!!!]) and the 
homogeneous legendrian varieties with Picard number one are only the subadjoint 
varieties (see imn^ §2.4, thm 11]). Yet I will proceed with the proof to provide 
another approach. 

9.5 Classification 

Let me summarise, what properties of the irreducible representation V are proved 
so far: 
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(i) The highest weight of V lies on an edge of the Weyl chamber (this follows 
from the theorem 

(ii) The dimension of V is twice the dimension of the orbit of the highest weight 
vector vq (i.e. the number of roots moving the highest weight to some other 
weight plus one). 

(iii) V is isomorphic to V*. 

(iv) All the weights have multiplicity 1 (see the corollary 19.2011 . 

The first two properties are the most restrictive. So the strategy now is: 

1) Fix a simple group. 

2) Choose an edge of it’s Weyl Chamber. 

3) Ask whether the representation with the highest weight on the edge satisfies 
(ii)-(iv): 

a) If the dimension of the representation is greater than twice the dimension 
of the orbit then no representation from this edge can satisfy (ii) (all the 
further weights correspond to even bigger representations). 

b) If the first dimension is less that the second, then try with the next 
weight along the same edge. 

4) Finally if the dimensions satisfy (ii), check whether (iii) and (iv) are true. 

After running through this algorithm one is left only with very few possibilities. 
Let me see how does it work for classical Lie algebras: 

Theorem 9.25 If g is of type Am for some m, then either m = 1 and X is the 
twisted cubic or m = 5 and X is the Grassmannian G'r(3,6). 

Proof. For this case the most restrictive are the properties (i) and (iii) - together 
they imply that V is in fact contained as the biggest subrepresentation in some 
symmetric power of the middle exterior power of the natural representation 
and hence m is odd and X ~ +1). For the dimension reason (see 3a) 

of the algorithm) m cannot be greater than 5. 

For m = 1 one gets the twisted cubic. 

For m = 3 one can see that if Aq is the first weight along the edge, than the 
dimension of V would be 6 while the dimension of X would be 5 ^ • 6. On the 

other hand if Aq is a further weight than the first one, then the dimension of V 
would be greater than 20 > 2 • 5. 

For TO = 5 one gets the Grassmannian Gr(3, 6) which is a legendrian variety 
under the Pliicker embedding - see 17.41 

□ 

Similar proof is going to work for the Cm case (including C 2 = S 2 ): 

Theorem 9.26 Ifg is of type Cm for some to, then to = 3 and X is the Lagrangian 
Grassmannian Gl(3,6). 

Proof. The theorem 19 . 241 implies that X ~ Gri^{k,2m) for some k < m. Applying 
3a) one gets that either k = 1 (so X ~ p2*-i^ or fc = 2, to = 2 or /c = 2, to = 3 or 
k = i,m = 3. 

To exclude the case fc = 1, let a be the highest weight of the natural represen¬ 
tation of sp 2 m- Then Aq must be a multiple of a. It cannot be just equal to a 
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(because X ^ P(F)). But all the further representations contain a multiple weight, 
contradicting (iv). 

Both k = 2 cases are excluded by computing the dimensions of the proper 
representations - 3b) and 3a). 

Finally /c = 3, m = 3 is the required case: X ~ GrL{3, 6 ) and it is a legendrian 
variety - see o 

□ 

Analogous argument works for also for Bmi and 0^2 ■ 

Theorem 9.27 If g is isomorphic to sOm for some m > 7, then m = 12 and X is 
the spinor variety Sg- 

Proof. Argue in the same way as previously: first compare the dimensions of 
the minimal representations and the dimensions of the corresponding homogeneous 
spaces (which in these case are the Grassmannians Gro{k,m) of k-hyperplanes 
isotropic with respect to a nondegenerate quadratic form on C™). Conclude that the 
dimension of the representation is to big, unless k = 1 (so that X ~ Gro(l, 2 to+1) ~ 
Q 2 m-i^ or fc = m € {7, 8 ,9,10,11,12} (so that X is the maximal isotropic Grass- 
mannian, so called spinor variety denoted §[m]). 

The k = 1 case and k = m G {7, 8 ,9,10} are excluded exactly in the same way 
as for Gm- 

As for the A: = TO = llorA: = TO=12, the spinor variety is the same for both 
cases and it is a legendrian variety. As it has been stated in the subsection 17.61 the 
Lie algebra g is of type (SO 12 ) and hence k = m = 12. 

□ 

Now the only remaining cases are that g is one of the exceptional algebras: 
F 4 ,Eq,E'j, Es (the G 2 case was excluded in corollary 19.211 . Since in these cases the 
computations of the dimensions and multiplicities are rather complicated to deal 
with, I refer to computer calculation, (which implements the algorithm above - there 
are only finite number of things to check) to state that: 

Theorem 9.28 If q is a exceptional Lie algebra, then it is of type Ey and X is a 
27-dimensional homogeneous variety embedded in - see \T1[ 


□ 

Summarizing the above theorems one gets the list of subadjoint varieties: 

Theorem 9.29 If X is a smooth irreducible legendrian variety generated by quadrics, 
then X is one of the subadjoint varieties (see the section^ and in particular the 
table [m on page EH).' 

• the twisted cubic: P^ C P^; 

• the product of a line and a quadric: P^ x C p2”-i^- 

• the Grassmannian of Lagrangian subspaces in C®.' Griag(3, 6) C P^^; 

• the Grassmannian Gr(3,6) C P^®; 

• the spinor variety Sg C P^^; 

• the E 7 variety C P®®. 
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